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 الخلاصة 

ولهذا  ‘ 𝔻,في قرص الوحدة المفتوح   |𝑎3|و  |𝑎2|  نما كلوري- حدود معاملات تايلور هذه الورقة البحثية ‘ندرسفي 

تفاضلي المرتبطة بمؤثر  التكافؤ  ثنائية و التكافؤلدوال التحليلية أحاديه انتقدم فصلين جزئيين جديدين من  ‘ الغرض

 معمم . 

 كلمات مفتاحية  

المحدودة ‘مؤثر التفاضلي والدوال المحدبة   تالتكافؤ‘ معاملا التحليلية ثنائية   لالدوا - التكافؤ الدوال التحليلية أحادية  

 والدوال النجمية. 

 

1. Introduction 

Let 𝒜 be the class of functions𝑓 of the form 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2                           (1) 

which are analytic in the open unit disk 

𝔻 = {𝑧 ∈ ℂ  ;  |𝑧| < 1},   

and satisfy the normalization condition,  

𝑓(0) = 0    ,   �̀�(0) = 1. 

The convolution (∗) of 𝑓 and 𝑔 defined by  

(𝑓 ∗ 𝑔)(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑏𝑘𝑧𝑘

∞

𝑘=2

, 
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where, 

𝑔(𝑧) = 𝑧 + ∑ 𝑏𝑘𝑧𝑘

∞

𝑘=2

    , (𝑧 ∈ 𝔻). 

    A function 𝑓 is said to be univalent in 𝔻if it is one-to-one in 𝔻. we denote by 𝑆 the 

subclass of 𝒜 consisting of functions that are univalent in 𝔻. For example, the Koebe 

function is in 𝑆, 

𝒦(𝑧) =
𝑧

(1−𝑧)2 = ∑ 𝑘𝑧𝑘∞
𝑘=1  ,     (𝑧 ∈ 𝔻).(Sabir, 2024) 

It is well known that the image of 𝔻 under every function 𝑓 ∈ 𝑆 contains a disk of radius  
1

4
. 

Therefore, every function 𝑓 ∈ 𝑆  has an inverse 𝑓−1such that  

𝑓−1(𝑓(𝑧)) = 𝑧  (𝑧 ∈ 𝔻) 

and 

𝑓(𝑓−1( 𝓌)) =  𝓌 (|𝓌| < 𝑟0(𝑓), 𝑟0(𝑓) ≥
1

4
). 

The inverse function 𝑔 = 𝑓−1 has the form  

𝑔(𝓌) = 𝑓−1( 𝓌) = 𝓌 − 𝑎2𝓌2 + (2𝑎2
2 − 𝑎3)𝓌3 − ⋯                       (2) 

A function 𝑓 ∈ 𝒜is said to be bi-univalent function in 𝔻. if 𝑓  and𝑓−1 both are univalent 

in 𝔻.(Juma and Aziz, 2012)       

    The class Σ of all bi-univalent functions in 𝔻 is denoted by (1).(Brannan and Taha, 

1988) introduced some bi-univalent function class Σ subclasses that are similar to the 

famous subclasses 𝑆∗(𝛽).and 𝒞(𝛽) of starlike and convex functions of order 𝛽 (0 < 𝛽 ≤ 1), 

respectively. (Juma and Aziz, 2012) Thus, a function 𝑓(𝑧)  ∈ 𝒜 is in the class 𝑆Σ 
∗ (𝛽) of bi-

starlike functions of order 𝛽 if both 𝑓 and 𝑓−1 are starlike functions of order  𝛽 

(0 < 𝛽 ≤ 1)or into the class 𝒞Σ(𝛽)of  bi-convex functions of order 𝛽 if both 𝑓 and 𝑓−1 are 

convex functions of order  𝛽 (𝑜 <  𝛽 ≤  1). Moreover, A function 𝑓(𝑧) ∈ 𝒜   is bi-

starlike functions of order 𝛽, denoted by the class 𝑆Σ 
∗ , if each of the following conditions is 

satisfied:  

|𝑎𝑟𝑔 (
𝑧𝑓′(𝑧)

𝑓(𝑧)
)| <

𝛽𝜋

2
 (0 < 𝛽 ≤  1, 𝑧 ∈ 𝔻) and |𝑎𝑟𝑔 (

𝓌𝑔′(𝓌)

𝑔(𝓌)
)| <

𝛽𝜋

2
 (0 < 𝛽 ≤  1, 𝓌 ∈ 𝔻),  

where 𝑔 is the extension of 1 𝑡𝑜 𝔻.(Sabir, 2024) 

          For a function 𝑓(𝑧)  ∈ 𝒜 defined by (1), the operator 𝐼𝑚(𝜆1, 𝜆2, 𝑙, 𝑛)𝑓(𝑧) is defined 

by 𝐼𝑚(𝜆1, 𝜆2, 𝑙, 𝑛)𝑓(𝑧): 𝒜 → 𝒜  as follows: 

𝐼𝑚(𝜆1, 𝜆2, 𝑙, 𝑛)𝑓(𝑧) = 𝑧 + ∑
(1 + 𝜆1(𝑘 − 1) + 𝑙)𝑚−1

(1 + 𝑙)𝑚−1(1 + 𝜆2(𝑘 − 1))
𝑚 𝑐(𝑛, 𝑘)𝑎𝑘𝑧𝑘,

∞

𝑘=2

 

where 𝑛, 𝑚 ∈ ℕ0 = {0,1,2, … . } , 𝜆2 ≥ 𝜆1 ≥ 0 , 𝑙 ≥ 0, z ∈ 𝔻 

                                𝑐(𝑛, 𝑘) =
(𝑛+1)𝑘−1

(1)𝑘−1
 .  (Amer and Darus, 2011). 
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               The coefficient estimate problem of Taylor–Maclaurin  coefficients,i.e., bound of 

|𝑎𝑘|(𝑘 ∈ ℕ − {2, 3}) is still an open problem for each  𝑓(𝑧)  ∈ Σ.(Motamednezhad et al., 

2022) 

The purpose of this paper is to find the coefficient estimate estimates |𝑎2| and |𝑎3| for 

functions in two new subclasses of the function 𝑓(𝑧) ∈ Σ.                                                                    

    To conclude the results, we need to the following lemma in proving the theorems. 

Lemma 1.1:  

If 𝑝 ∈ 𝒫 ,then |𝑝𝑘| ≤ 2 for each 𝑘 ∈ ℕ ,where 𝒫 is the subclass of functions 𝒫(𝑧) of the 

form  

                              𝒫(𝑧) = 1 + 𝑏1𝑧 + 𝑏2𝑧2 + 𝑏3𝑧3 + ⋯                                    (3)                     

Which is analytic in 𝔻 and the real part, 𝑅𝑒 𝑝(𝑧) > 0 in 𝔻 and  

𝑝(0) = 1.(Duren, 2001) 

2. Coefficient Bounds For the Functions in the class 𝓛𝚺(𝜼, 𝝎, 𝒎, 𝜶) 

A function 𝑝 ∈ 𝒫 given by (3) and 𝒞(𝑧) be any complex-valued function such that 𝒞(𝑧) =

⌈𝒫(𝑧)⌉𝛼, 0 < 𝛼 ≤ 1. 

Then  

|arg (𝒞(𝑧))| = 𝛼|arg (ℎ(𝑧)| <
𝛼𝜋

2
. 

Therefore, if |arg (𝒞(𝑧))| <
𝛼𝜋

2
, then it can said that there exists 𝑝 ∈ 𝒫 such that 𝒞(𝑧) can 

be written in terms of 𝑝  and 𝛼 as follows 

𝒞(𝑧) = ⌈𝒫(𝑧)⌉𝛼.(Sabir, 2024) 

Definition2. 1: 

Let (𝜂 ≥ 0 , 𝜔 ∈ ℂ\{0} , 𝑚 ∈ ℕ0  𝑎𝑛𝑑 0 <  𝛼 ≤ 1).We say that a function 𝑓(𝑧) given by 

(1) is in the class ℒΣ(𝜂, 𝜔, 𝑚; 𝛼) if the following conditions are satisfied: 

|arg (1 +
1

𝜔
[(1 − 𝜂)

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧)
+ 𝜂

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′
+𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′ ])| <

𝛼𝜋

2
    ,

𝑧 ∈ 𝔻                                                              (4)  

and 

|arg (1 +
1

𝜔
[(1 − 𝜂)

𝓌(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌)
+ 𝜂

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′
+𝓌(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′ −

1])| <
𝛼𝜋

2
 ,      𝓌 ∈ 𝔻                                                     (5)  

where the function 𝑔 = 𝑓−1 is defined by (2). 
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Marks:  

Α =
(1+𝜆1+𝑙)𝑚−1

(1+𝑙)𝑚−1(1+𝜆2)𝑚
(𝑛 + 1)       , Β =

(1+𝜆1(2)+𝑙)𝑚−1

(1+𝑙)𝑚−1(1+𝜆2(2))
𝑚

(𝑛+2)(𝑛+1)

2
  

Theorem2. 1: 

Let 𝑓 ∈ ℒΣ(𝜂, 𝜔, 𝑚, 𝛼) be given by (1). Then  

|𝑎2| ≤
2𝛼|𝜔|

√|2𝛼𝜔(2(1 + 2𝜂)Β − (1 + 3𝜂)Α2) − (𝛼 − 1)(1 + 𝜂)2Α2|
                                    (6) 

and  

|𝑎3| ≤
4𝛼2|𝜔|2

(1 + 𝜂)2Α2
+

𝛼|𝜔|

(1 + 2𝜂)Β  
                                            (7) 

Proof  

From the definition we get 

1 +
1

𝜔
[(1 − 𝜂)

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧)
+ 𝜂

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′
+𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′ ] = [ℎ(𝑧)]𝛼      (8)   

and 

1 +
1

𝜔
[(1 − 𝜂)

𝓌(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌)
+ 𝜂

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′
+𝓌(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′ − 1] =

[𝑞(𝓌)]𝛼                                                                                                                                 (9)  

where ℎ, 𝑞 ∈ 𝒫 have the formula as follows 

ℎ(𝑧) = 1 + ℎ1𝑧 + ℎ2𝑧2 + ℎ3𝑧3 + ⋯      (10)                           

and  

𝑞(𝓌) = 1 +  𝑞1𝓌 +  𝑞2𝓌2 +  𝑞3𝓌3 + ⋯                  (11) 

then  

[ℎ(𝑧)]𝛼 = ∑ (
𝛼
𝑘

)

∞

𝑘=0

1𝛼−𝑘 (∑ ℎ𝑛𝑧𝑛

∞

𝑛=1

)

𝑘

 

 [ℎ(𝑧)]𝛼 = (
𝛼
0

) 1𝛼 + (
𝛼
1

) 1𝛼−1 ∑ ℎ𝑛𝑧𝑛∞
𝑛=1 + (

𝛼
2

) 1𝛼−2(∑ ℎ𝑛𝑧𝑛∞
𝑛=1 )2 +

(
𝛼
3

) 1𝛼−3(∑ ℎ𝑛𝑧𝑛∞
𝑛=1 )3 + ⋯  

[ℎ(𝑧)]𝛼 = (
𝛼
0

) 1𝛼 + (
𝛼
1

) 1𝛼−1(ℎ1𝑧 + ℎ2𝑧2 + ℎ3𝑧3 + ⋯ ) + (
𝛼
2

) 1𝛼−2(ℎ1
2𝑧2 + ℎ1ℎ2𝑧3 +

⋯ + ℎ1ℎ2𝑧3 + ⋯ ) + ⋯  

[ℎ(𝑧)]𝛼 = 1 + 𝛼ℎ1𝑧 + 𝛼ℎ2𝑧2 + 𝛼ℎ3𝑧3 + ⋯ +
𝛼(𝛼−1)

2!
ℎ1

2𝑧2 +
𝛼(𝛼−1)

2!
ℎ1ℎ2𝑧3 + ⋯ +

𝛼(𝛼−1)

2!
ℎ1ℎ2𝑧3 +

𝛼(𝛼−1)(𝛼−2)

3!
ℎ1

3𝑧3 +
𝛼(𝛼−1)(𝛼−2)

3!
ℎ1

2ℎ2𝑧4 + ⋯  
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[ℎ(𝑧)]𝛼 = 1 + 𝛼ℎ1𝑧 + [𝛼ℎ2 +
𝛼(𝛼−1)

2!
ℎ1

2] 𝑧2 + [𝛼ℎ3 +
2𝛼(𝛼−1)

2!
ℎ1ℎ2 +

𝛼(𝛼−1)(𝛼−2)

3!
ℎ1

3] 𝑧3 + ⋯  

[ℎ(𝑧)]𝛼 = 1 + 𝛼ℎ1𝑧 + [𝛼ℎ2 +
𝛼(𝛼−1)

2!
ℎ1

2] 𝑧2 + [𝛼ℎ3 + 𝛼(𝛼 − 1)ℎ1ℎ2 +

𝛼(𝛼−1)(𝛼−2)

3!
ℎ1

3] 𝑧3 + ⋯                                                                                                           (12)  

and 

[𝑞(𝓌)]𝛼 = ∑ (
𝛼
𝑘

)

∞

𝑘=0

1𝛼−𝑘 (∑ 𝑞𝑛𝓌𝑛

∞

𝑛=1

)

𝑘

 

[𝑞(𝓌)]𝛼  =  (
𝛼
0

) 1𝛼 + (
𝛼
1

) 1𝛼−1 ∑ 𝑞𝑛𝓌𝑛∞
𝑛=1 + (

𝛼
2

) 1𝛼−2(∑ 𝑞𝑛𝓌𝑛∞
𝑛=1 )2 +

(
𝛼
3

) 1𝛼−3(∑ 𝑞𝑛𝓌𝑛∞
𝑛=1 )3 + ⋯  

[𝑞(𝓌)]𝛼 = 1 + 𝛼𝑞1𝓌 + [𝛼𝑞2 +
𝛼(𝛼−1)

2!
𝑞1

2] 𝓌2 + [𝛼𝑞3 +
2𝛼(𝛼−1)

2!
𝑞1𝑞2 +

𝛼(𝛼−1)(𝛼−2)

3!
𝑞1

3] 𝓌3 + ⋯  

[𝑞(𝓌)]𝛼 = 1 + 𝛼𝑞1𝓌 + [𝛼𝑞2 +
𝛼(𝛼−1)

2!
𝑞1

2] 𝓌2 + [𝛼𝑞3 + 𝛼(𝛼 − 1)𝑞1𝑞2 +

𝛼(𝛼−1)(𝛼−2)

3!
𝑞1

3] 𝓌3 + ⋯                                                                                                          (13)  

when substituting in the class we get  

1 +
1

𝜔
[(1 − 𝜂)

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧)
+ 𝜂 (1 +

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′ ) − 1] = 1 +

1

𝜔
 [1 − 𝜂 + (1 − 𝜂)Α 𝑎2𝑧 + (1 − 𝜂)(2Β𝑎3 − Α2𝑎2

2) 𝑧2 + ⋯ + 𝜂 + 2𝜂Α 𝑎2𝑧 +

𝜂(6Β𝑎3 − 4Α2𝑎2
2) 𝑧2 + ⋯ − 1] ,    

1 +
1

𝜔
[(1 − 𝜂)

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧)
+ 𝜂 (1 +

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′ ) − 1] = 1 +

(1+𝜂)

𝜔
Α 𝑎2𝑧 +

[
2(1+2𝜂) Β 

𝜔
𝑎3 −

(1+3𝜂)

𝜔
Α2 𝑎2

2] 𝑧2 + ⋯                                                                                     (14)  

Now, we defined  the inverse  

𝐼𝑚(𝜆1, 𝜆2, 𝑙, 𝑛)𝑔(𝓌) = 𝓌 − Α 𝑎2𝓌2 + Β(2𝑎2
2 − 𝑎3)𝓌3 − ⋯ 

When you do some simple operations, we get 

1 +
1

𝜔
[(1 − 𝜂)

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌)
+ 𝜂 (

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′
+𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′ ) − 1] = 1 +

1

𝜔
[1 − 𝜂 − (1 − 𝜂)Α𝑎2𝓌 + (1 − 𝜂)(2Β(2𝑎2

2 − 𝑎3) − Α2𝑎2
2)𝓌2 + ⋯ + 𝜂 − 2𝜂Α 𝑎2𝓌 +

𝜂(6Β(2𝑎2
2 − 𝑎3) − 4Α2𝑎2

2)𝓌2 + ⋯ − 1],   
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1 +
1

𝜔
[(1 − 𝜂)

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌)
+ 𝜂 (

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′
+𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′ ) − 1] = 1 +

1

𝜔
[−(1 − 𝜂)Α𝑎2𝓌 + (4(1 + 2𝜂)Β𝑎2

2 − 2(1 + 2𝜂)Β𝑎3 − (1 + 3𝜂)Α2 𝑎2
2)𝓌2 + ⋯ ],  

1 +
1

𝜔
[(1 − 𝜂)

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌)
+ 𝜂 (

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′
+𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′ ) − 1] = 1 −

(1−𝜂)

𝜔
Α𝑎2𝓌 + [

4(1+2𝜂)Β

𝜔
𝑎2

2 −
2(1+2𝜂)Β

𝜔
𝑎3 −

(1+3𝜂)Α2

𝜔
 𝑎2

2] 𝓌2 + ⋯                                (15)    

Coefficients equal to (12), (14) 

(1 + 𝜂)

𝜔
Α𝑎2 = 𝛼ℎ1                                                       (16) 

2(1+2𝜂)Β

𝜔
𝑎3 −

(1+3𝜂)

𝜔
 Α2𝑎2

2 = 𝛼ℎ2 +
𝛼(𝛼−1)

2!
ℎ1

2                  (17) 

from (13),(15) we get  

−
(1 + 𝜂)

𝜔
Α𝑎2 = 𝛼𝑞1                                          (18) 

4(1 + 2𝜂)Β

𝜔
𝑎2

2 −
2(1 + 2𝜂)Β

𝜔 
𝑎3 −

(1 + 3𝜂)Α2

𝜔
𝑎2

2 = 𝛼𝑞2 +
𝛼(𝛼 − 1)

2!
𝑞1

2                   (19) 

Clearly, from (16),(18) we have  

ℎ1 = −𝑞1,                                                     (20) 

we square and addition  (16),(18) together ,we get 

2(1+𝜂)2Α2

𝜔2 𝑎2
2 = 𝛼2(ℎ1

2 + 𝑞1
2),                                                                                                   (21)                                      

we addition (17),(19) we get   

4(1+2𝜂)Β

𝜔
𝑎2

2 −
2(1+3𝜂)Α2

𝜔
𝑎2

2 =
1

2
𝛼(𝛼 − 1)(ℎ1

2 + 𝑞1
2) + 𝛼(ℎ2 + 𝑞2),                              (22)  

 from (21) substituting(ℎ1
2 + 𝑞1

2) in (22)  

 
4(1+2𝜂)Β

𝜔 
𝑎2

2 −
2(1+3𝜂)Α2

𝜔 
𝑎2

2 −
1

2
𝛼(𝛼 − 1) [

2(1+𝜂)2Α2

𝛼2𝜔2 
𝑎2

2] = 𝛼(ℎ2 + 𝑞2) .   

Now 

4𝛼𝜔(1+2𝜂)Β 

𝛼𝜔2
𝑎2

2 −
2𝛼𝜔(1+3𝜂)Α2

𝛼𝜔2
𝑎2

2 −
(𝛼−1)(1+𝜂)2Α2

𝛼𝜔2
𝑎2

2 = 𝛼(ℎ2 + 𝑞2),  

 

𝑎2
2 [

𝛼𝜔(4(1 + 2𝜂)Β − 2(1 + 3𝜂)Α2) − (𝛼 − 1)(1 + 𝜂)2Α2

𝛼𝜔2 
] = 𝛼(ℎ2 + 𝑞2), 

𝑎2
2 =

𝛼2𝜔2(ℎ2 + 𝑞2)

2𝛼𝜔 (2(1 + 2𝜂)Β − (1 + 3𝜂)Α2
) − (𝛼 − 1)(1 + 𝜂)2Α2

,                                                       (23) 
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from lemma 1.1 for coefficientsℎ2 and 𝑞2on (23) imply that  

|𝑎2| ≤
2𝛼|𝜔|

√|2𝛼𝜔 (2(1 + 2𝜂)Β − (1 + 3𝜂)Α2
) − (𝛼 − 1)(1 + 𝜂)2Α2

|

 , 

Next, we exist |𝑎3|, by subtracting (19) from (17), we get  

4(1 + 2𝜂)Β

𝜔
𝑎3 −

4(1 + 2𝜂)Β

𝜔
𝑎2

2 =
1

2
𝛼(𝛼 − 1)(ℎ1

2 − 𝑞1
2) + 𝛼(ℎ2 − 𝑞2)  ,         (24) 

from (21) we substituting 𝑎2
2 in (24) and we put ℎ1

2 = 𝑞1
2 from (20) 

4(1 + 2𝜂)Β

𝜔
𝑎3 −

4(1 + 2𝜂)Β

𝜔
[
𝛼2𝜔2(ℎ1

2 + 𝑞1
2)

2(1 + 𝜂)2Α2
] =

1

2
𝛼(𝛼 − 1)(ℎ1

2 − ℎ1
2) + 𝛼(ℎ2 − 𝑞2), 

𝑎3 =
𝛼2𝜔2(ℎ1

2 + 𝑞1
2)

2(1 + 𝜂)2Α2
+

𝛼𝜔(ℎ2 − 𝑞2)

4(1 + 2𝜂)Β  
                          (25) 

Now, applying lemma 1.1 for coefficients ℎ1, ℎ2, 𝑞1 and 𝑞2 on (25) we get 

|𝑎3| ≤
4𝛼2|𝜔|2

(1 + 𝜂)2Α2
+

𝛼|𝜔|

(1 + 2𝜂)Β  
.    ∎ 

Corollary: 

If 𝑚 = 1 , 𝜆2 = 0 .Let 𝑓 given by (1) be in the class  ℒΣ(𝜂, 𝜔, ℓ, 𝛼) . Then  

|𝑎2| ≤
2𝛼|𝜔|

√|2𝛼𝜔((1 + 2𝜂)(ℓ + 2)(ℓ + 1) − (1 + 3𝜂)(ℓ + 1)2) − (𝛼 − 1)(1 + 𝜂)2(ℓ + 1)2|

 

and  

|𝑎3| ≤
4𝛼2|𝜔|2

(1 + 𝜂)2(ℓ + 1)2
+

2𝛼|𝜔|

(1 + 2𝜂)(ℓ + 2)(ℓ + 1) 
. 

 (Sabir, 2024) 

3. Coefficient Bounds For the Functions in the class𝓛𝚺
∗ (𝜼, 𝝎, 𝒎, 𝜷) 

A function 𝑝 ∈ 𝒫 given by (3) and ℋ(𝑧) be any complex-valued function such that 

ℋ(𝑧) = 𝛽 + (1 − 𝛽)𝑝(𝑧),   0 < 𝛽 ≤ 1, 

Then 

𝑅𝑒 {ℋ(𝑧)} = 𝛽 + (1 − 𝛽)𝑅𝑒 {𝑝(𝑧)} > 𝛽. 

       Therefore, if 𝑅𝑒 {ℋ(𝑧)} > 𝛽, then it can be said that there exists 𝑝 ∈ 𝒫 such that 

ℋ(𝑧) can be written in terms of 𝑝  and 𝛽 as follows 

ℋ(𝑧) = 𝛽 + (1 − 𝛽)𝑝(𝑧). 

(Sabir, 2024) 
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Definition3. 1: 

 Let (𝜂 ≥ 0 , 𝜔 ∈ ℂ\{0} , 𝑚 ∈ ℕ0  𝑎𝑛𝑑 0 < 𝛽 ≤ 1).We say that a function 𝑓(𝑧) given by 

(1) is in the class ℒΣ
∗ (𝜂, 𝜔, 𝑚, 𝛽) if the following conditions are satisfied: 

 

𝑅𝑒 {1 +
1

𝜔
[(1 − 𝜂)

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧)
+ 𝜂

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′
+𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′ − 1]} >

𝛽      , 𝑧 ∈ 𝔻                                                                                                                               (26)                                                                                                                            

and 

𝑅𝑒 {1 +
1

𝜔
[(1 − 𝜂)

𝓌(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌)
+ 𝜂

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′
+𝓌(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′ −

1]} > 𝛽 , 𝓌 ∈ 𝔻                                                                                                                   (27)                                                                                                                     

where the function 𝑔 = 𝑓−1 is defined by (2). 

Theorem3. 1: 

Let 𝑓 ∈ ℒΣ
∗ (𝜂, 𝜔, 𝑚; 𝛽)be given by (1). Then          

|𝑎2| ≤ {
√

2|𝜔|(1−𝛽)

2(1+2𝜂)Β−(1+3𝜂)Α2      ,                 0 ≤ 𝛽 ≤ 1 −
(1+𝜂)2Α2

2|𝜔|[2(1+2𝜂)Β−(1+3𝜂)Α2]
   

  
2|𝜔|(1−𝛽)  

(1+𝜂)Α
  ,                                      1 −

(1+𝜂)2Α2

2|𝜔|[2(1+2𝜂)Β−(1+3𝜂)Α2]
≤ 𝛽 < 1 

  

and 

|𝑎3| ≤ {

2|𝜔|(1−𝛽)

2(1+2𝜂)Β−(1+3𝜂)Α2 +
|𝜔|(1−𝛽)

(1+2𝜂)Β
   ,                 0 ≤ 𝛽 ≤ 1 −

(1+𝜂)2Α2

2|𝜔|[2(1+2𝜂)Β−(1+3𝜂)Α2]
   

4|𝜔|2(1−𝛽)2 

(1+𝜂)2Α2 +
|𝜔|(1−𝛽)

(1+2𝜂)Β
  ,              1 −

(1+𝜂)2Α2

2|𝜔|[2(1+2𝜂)Β−(1+3𝜂)Α2]
≤ 𝛽 < 1                  

  

Proof 

From the definition we get  

1 +
1

𝜔
[(1 − 𝜂)

𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧)
+ 𝜂

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′
+𝑧(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑓(𝑧))
′ − 1] = 𝛽 +

(1 − 𝛽)ℎ(𝑧)                                                                                                                                    (28)  

and 

1 +
1

𝜔
[(1 − 𝜂)

𝓌(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′

𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌)
+ 𝜂

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′
+𝓌(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))

′′

(𝐼𝑚(𝜆1,𝜆2,𝑙,𝑛)𝑔(𝓌))
′ − 1] = 𝛽 +

(1 − 𝛽)𝑞(𝑧),                                                                                                                                   (29)  

where ℎ, 𝑞 ∈ 𝒫.Then  

𝛽 + (1 − 𝛽)ℎ(𝑧) = 𝛽 + (1 − 𝛽)[1 + ℎ1𝑧 + ℎ2𝑧2 + ℎ3𝑧3 + ⋯ ]  
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                                = 𝛽 + 1 − 𝛽 + (1 − 𝛽)ℎ1𝑧 + (1 − 𝛽)ℎ2𝑧2 + ⋯      

                                = 1 + (1 − 𝛽)ℎ1𝑧 + (1 − 𝛽)ℎ2𝑧2 + ⋯                                                  (30)  

and  

𝛽 + (1 − 𝛽)𝑞(𝑧) = 𝛽 + (1 − 𝛽)[1 + 𝑞1𝑧 + 𝑞2𝑧2 + 𝑞3𝑧3 + ⋯ ]  

                                 = 𝛽 + 1 − 𝛽 + (1 − 𝛽)𝑞1𝑧 + (1 − 𝛽)𝑞2𝑧2 + ⋯      

                                = 1 + (1 − 𝛽)𝑞1𝑧 + (1 − 𝛽)𝑞2𝑧2 + ⋯                                                  (31)  

Now, equal coefficients (14) with (30)for ℎ 

(1 + 𝜂)Α

𝜔 
𝑎2 = (1 − 𝛽)ℎ1                                                      (32) 

2(1 + 2𝜂)Β

𝜔 
𝑎3 −

(1 + 3𝜂)Α2

𝜔
 𝑎2

2 = (1 − 𝛽)ℎ2                           (33) 

equal coefficients (15) with (31)for 𝑞 

−
(1 + 𝜂)Α

𝜔
𝑎2 = (1 − 𝛽)𝑞1                                (34) 

4(1 + 2𝜂)Β

𝜔 
𝑎2

2 −
(1 + 3𝜂)Α2

𝜔
𝑎2

2 −
2(1 + 2𝜂)Β

𝜔 
𝑎3 = (1 − 𝛽)𝑞2         (35) 

From (32) and (34) we get  

                              ℎ1 = −𝑞1                                                                                           (36) 

We square (32) and (34) then addition we get  

2(1 + 𝜂)2Α2

𝜔2 
𝑎2

2 = (1 − 𝛽)2(ℎ1
2 + 𝑞1

2)                          (37) 

we add (33) with (35) we get  

[
4(1 + 2𝜂)Β

𝜔
−

2(1 + 3𝜂)Α2

𝜔
] 𝑎2

2 = (1 − 𝛽)(ℎ1 + 𝑞1)                            (38) 

from (37) we defined  

𝑎2
2 =

𝜔2(1 − 𝛽)2(ℎ1
2 + 𝑞1

2)

2(1 + 𝜂)2Α2
                       (39) 

and from (38) we get  

𝑎2
2 =

𝜔(1 − 𝛽)(ℎ2 + 𝑞2)

4(1 + 2𝜂)Β − 2(1 + 3𝜂)Α2
                                   (40) 

the equations (39) and (40) together with applying Lemma 1.1 for the coefficients 

ℎ1, 𝑞1, ℎ2, and 𝑞2, we find that  
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𝑎2
2 =

4𝜔2(1 − 𝛽)2

(1 + 𝜂)2Α2
  ⇒ |𝑎2| ≤

2|𝜔|(1 − 𝛽)  

(1 + 𝜂)Α
 , 

and 

𝑎2
2 =

4𝜔(1 − 𝛽)

4(1 + 2𝜂)Β − 2(1 + 3𝜂)Α2
 ⇒ 𝑎2

2 =
4𝜔(1 − 𝛽)

2(2(1 + 2𝜂)Β − (1 + 3𝜂)Α2)
 

 𝑎2
2 =

2𝜔(1 − 𝛽)

2(1 + 2𝜂)Β − (1 + 3𝜂)Α2
  

|𝑎2| ≤ √
2|𝜔|(1 − 𝛽)

|2(1 + 2𝜂)Β − (1 + 3𝜂)Α2|
 

respectively. 

      To determine the estimates on |𝑎3|, by subtracting (35) from (33), we get  

4(1 + 2𝜂)Β

𝜔
𝑎3 −

4(1 + 2𝜂)Β 

𝜔
𝑎2

2 = (1 − 𝛽)(ℎ2 − 𝑞2), 

𝑎3 = 𝑎2
2 +

𝜔(1 − 𝛽)(ℎ2 − 𝑞2)

4(1 + 2𝜂)Β 
                               (41) 

Substituting the value of 𝑎2
2 from (39) into (41) we get    

𝑎3 =
𝜔2(1 − 𝛽)2(ℎ1

2 + 𝑞1
2)

2(1 + 𝜂)2Α2
+

𝜔(1 − 𝛽)(ℎ2 − 𝑞2)  

4(1 + 2𝜂)Β
                         (42) 

Substituting the value of 𝑎2
2 from (40) into (41), we get 

𝑎3 =
𝜔(1 − 𝛽)(ℎ2 + 𝑞2)  

4(1 + 2𝜂)Β − 2(1 + 3𝜂)Α2
+  

𝜔(1 − 𝛽)(ℎ2 − 𝑞2)

4(1 + 2𝜂)Β  
   ,                    (43) 

respectively. 

      Finally, applying lemma 1.1 for the coefficients ℎ2, ℎ2 + 𝑞1, and 𝑞2 on equations (42) 

and (43) together, we conclude that  

|𝑎3| ≤
4|𝜔|2(1 − 𝛽)2 

(1 + 𝜂)2Α2
+

|𝜔|(1 − 𝛽)

(1 + 2𝜂)Β
 

and 

|𝑎3| ≤
2|𝜔|(1 − 𝛽)

|2(1 + 2𝜂)Β − (1 + 3𝜂)Α2|
+

|𝜔|(1 − 𝛽)

(1 + 2𝜂)Β
      ∎ 

Corollary: 

If 𝑚 = 1 , 𝜆2 = 0 .Let 𝑓 given by (1) be in the class  ℒΣ
∗ (𝜂, 𝜔, 𝑛, 𝛼). Then  
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|𝑎2| ≤

{
√

2|𝜔|(1−𝛽)

|(1+2𝜂)(𝑛+2)(𝑛+1)−(1+3𝜂)(𝑛+1)2|
,    0 ≤ 𝛽 ≤ 1 −

(1+𝜂)2(𝑛+1)2

2|𝜔||(1+2𝜂)(𝑛+2)(𝑛+1)−(1+3𝜂)(𝑛+1)2|
   

  
2|𝜔|(1−𝛽)  

(1+𝜂)(𝑛+1)
  ,                                      1 −

(1+𝜂)2(𝑛+1)2

2|𝜔||(1+2𝜂)(𝑛+2)(𝑛+1)−(1+3𝜂)(𝑛+1)2|
≤ 𝛽 < 1 

  

and 

|𝑎3| ≤

{

2|𝜔|(1−𝛽)

|(1+2𝜂)(𝑛+2)(𝑛+1)−(1+3𝜂)(𝑛+1)2|
+

2|𝜔|(1−𝛽)

(1+2𝜂)(𝑛+2)(𝑛+1)
,   0 ≤ 𝛽 ≤ 1 −

(1+𝜂)2(𝑛+1)2

2|𝜔||(1+2𝜂)(𝑛+2)(𝑛+1)−(1+3𝜂)(𝑛+1)2|
   

4|𝜔|2(1−𝛽)2 

(1+𝜂)2(𝑛+1)2 +
2|𝜔|(1−𝛽)

(1+2𝜂)(𝑛+2)(𝑛+1)
  ,                   1 −

(1+𝜂)2(𝑛+1)2

2|𝜔||(1+2𝜂)(𝑛+2)(𝑛+1)−(1+3𝜂)(𝑛+1)2|
≤ 𝛽 < 1                  

  

(Sabir, 2024) 

       There are many other works in these references(Abufares and Amer, 2024, Alabbar et 

al., 2023, Almarwm et al., 2024, Amer, 2016, Amer and Alabbar, 2017, Shmella and 

Amer, 2024a, Shmella and Amer, 2024b) on analytic functions and univalent function 

associated by generalized derivative operator. 

Conclusion: 

In this study, we used two new subclasses of an analytic function and bi-univalent function 

and defined by generalized derivative operator 𝐼𝑚(𝜆1, 𝜆2, 𝑙, 𝑛)𝑓(𝑧)  on the open disk, from 

these new subclasses we obtained on estimates of coefficient bounds for the functions 
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