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Abstract

In this paper, we study bounds for the Taylor-Maclaurin coefficients |a,| and|as], in the
open unit disk D. To this purpose, we establish two new subclasses of analytic and
univalent functions, in addition to bi-univalent functions associated with a generalized
derivative operator.
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1. Introduction
Let A be the class of functionsf of the form

f(2) =z + X, 2" 1)
which are analytic in the open unit disk
D={z€eC;|z| <1}
and satisfy the normalization condition,
fO=0, f(0=1
The convolution (*) of f and g defined by

FD@ =2+ ) abt,
k=2
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where,

g(2) =Z+Zbkzk ,  (zeD).
k=2

A function £ is said to be univalent in Dif it is one-to-one in D. we denote by S the
subclass of A consisting of functions that are univalent in D. For example, the Koebe
function isin S,

K(z) = ﬁ =Y® kzF, (z€ D).(Sabir, 2024)

It is well known that the image of D under every function f € S contains a disk of radius %.
Therefore, every function f € S has an inverse f~!such that

f(f@) =2z (zeD)

and

1
£ w) = w (Il <ro(Dm(h) 2 7).
The inverse function g = 1 has the form
gw) = fH(w) = w — ayw? + (245 — az)w?® — - (2)

A function f € cAis said to be bi-univalent function in . if f andf~* both are univalent
in D.(Juma and Aziz, 2012)

The class X of all bi-univalent functions in I is denoted by (1).(Brannan and Taha,
1988) introduced some bi-univalent function class X subclasses that are similar to the
famous subclasses S*(8).and C(B) of starlike and convex functions of order § (0< g < 1),
respectively. (Juma and Aziz, 2012) Thus, a function f(z) € A is in the class Sy, (B) of bi-
starlike functions of order g if both f and f~* are starlike functions of order g
(0 < B < 1or into the class Cx(B)of bi-convex functions of order S if both f and £~ are
convex functions of order § (o < B < 1). Moreover, A function f(z) € A s bi-
starlike functions of order 3, denoted by the class Ss., if each of the following conditions is
satisfied:

|arg(%)| <%(0 <f<1,zeD)and |arg<

wg' (w)

@
o ) <Z 0 <p< Lweb),

where g is the extension of 1 to D.(Sabir, 2024)

For a function f(z) € A defined by (1), the operator I™ (A4, 4,,,n)f(z) is defined
by I™ (A4, A5, ,n)f(2): A — A as follows:

1+14Gk-1)+Dm1

k) ayz¥,
A+ D™ (14 k- D))" c(n, k)az

ImA, A, Ln)f(2) =z +

wheren,m € N, ={0,1,2,....},4, =24, =20, >0,ze D

c(n k) = % (Amer and Darus, 2011).
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The coefficient estimate problem of Taylor-Maclaurin coefficients,i.e., bound of
la,|(k € N —{2,3}) is still an open problem for each f(z) € X.(Motamednezhad et al.,
2022)

The purpose of this paper is to find the coefficient estimate estimates |a,| and |as| for
functions in two new subclasses of the function f(z) € Z.

To conclude the results, we need to the following lemma in proving the theorems.
Lemma 1.1:

If p € P ,then |p,| < 2 for each k € N ,where P is the subclass of functions P (z) of the
form

:P(Z)= 1+b1Z+b222+b3Z3+"' (3)
Which is analytic in D and the real part, Re p(z) > 0 in D and
p(0) = 1.(Duren, 2001)

2. Coefficient Bounds For the Functions in the class £z (n, w, m, a)
A function p € P given by (3) and C(z) be any complex-valued function such that C(z) =
[P(2)]%0 <a < 1.

Then
aT
larg (C(2))| = alarg (h(2)| < -
Therefore, if |arg (C(2))] < “2—" then it can said that there exists p € P such that C(z) can
be written in terms of p and a as follows
C(z) = [P(2)]*.(Sabir, 2024)
Definition2. 1:

Let(n > 0,w € C\{0},m € Ny and 0 < a < 1).We say that a function f(z) given by
(1) is in the class Lx(n, w, m; a) if the following conditions are satisfied:

1 (MM A2 L) f(2)) (A1 A2 L0 f(2) +2(I™ (A1, 22,10) f(z))”])| an
1 - 1 - 7 < i )
arg( to [( ) Al @) (I™(A1,22,Lm)f (2)) 2

zeD 4

and

1 w(™Ay Az L) g(w)) (I (A1 A2, L) g () +1w (1M Ay, A5, Lm) g (w))”’
1+=|(1- ; -
arg ( + w [( ) Im(ll,/'lz,l,n)g(w) (Im(ﬂ,l,a,z,l,n)g(w))

1])|<%, weD (5)

where the function g = f~1 is defined by (2).
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Marks:
A= (1+A,+D)™1
A+D)™m-1(1+A,)™

A+, (2)+D™ T (n+2)(n+1)
A+D™m=1(142,(2)" 2

(n+1) ,B=

Theorem?2. 1:

Let f € Lz(n, w,m, @) be given by (1). Then

] < 2a|w] )
= 2awC( + 20)B = (1 + 3DAD) — (@ = D + 747
and
4a?|w)? a|w| 7
lasl < T year Y T T 2B 7
Proof

From the definition we get

1 + i [(1 _ 7”) Z(I (Al,lz,l,n)f(z)) (I (ll,lz,l,n)f(z)) +Z(I (Al,lz,l,n)f(z)) ] — [h(z)]a (8)

M (41,22l f (2) (1M, A2, L) f(2))
and
1 + i [(1 _ W(Im(ll,lz,l,n)g(w))’ (Im(ll,lz,l,n)g(w))’+w(1m(21,22,l,n)g(w»” _ 1] —
w 1M (A1,22,L,n) g (w) (IMm(A1, 22,10 g(w))’
[q(w)]* €))

where h, g € P have the formula as follows
h(z) =14 hyz + hyz? + hyz3 + -+ (10)
and
q(w) =1+ qw + quw?+ quw?3 + - (11)
then

h@1 =" ()19 k(Zh 2 )

k=0
o =+ T+
(3) 1973 (o hpz™)3 + -

[h(z)]“—( )1a+(1) 1971 (hyz + hyz? + hyz® + - )+( )1“ 2(h222 + hyhy73 +
ot hihyz3 4 ) +

[h(2)]* =1+ ah,z + ah,z? + ah3z3 + - + —— “(a 1) h?22 + a(a 1)

a(a 1) h1h2 3 +a(a 1)(0_' 2) h% 3 +a(a 13)'(61 2) h1h2

h1h223 + +

4
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Za(a 1)

[h(2)]* =1+ ah,z + [ahz a(a L hl]z + [ ah; +
a(a-1)(a—2) hi’] Z3 n

hih, +

3!

[A(2)]* = 1+ ahyz + |ah, + “Wlhﬂz4{m%+aa—nmm
HEDED 3| 23 + -+ (12)
and

3 1) k
laGw)® = ) (i) 15 (Z qnw">

k=0 n=1
[qn]® = () 19+ (7) 197 Zims quao™ + (5) 1972 (B g™ +
(3) 1973 (s quao™? +

a(a 1) o 26!(06 1)

[q(w)]® = 1+ aquuw + |aq, + <52 g2 | w? + |ag; +

a(a-1)(a-2) 3
31

7192 +
]w+

1)2

]’W + [“% +ala—1qq; +
¢i|w? +- (13)

[q(w)]® =1+ aqw + [“CIZ

a(a-1)(a-2) 3
31

when substituting in the class we get

1,0 20 AA S () ( z(lm(Al,Az,l,n)f(z))”> B ] _
1+ w [(1 m 1™ (A1,A2,L,0)f () +n\l+ (Im(/ll,lz,l,n)f(z))’ =1+
% [1—-n+ @ —-n)Aayz+ (1 —n)(2Bas —A%a3) z> + - +n+2nAa,z+

n(6Bas — 4A%a3) z2 + - —1],

m ! m rn
1+ % [(1 —n 2(IMQa Azl Wf @) n (1 4 20T A da L)f (2) )_ 1] — 1+ (1:7) Aayz+

1M (A1,22,L0)f (2) (IMm(Ay, A, L) (D))
2(1+2n) B (1+37n)
[ ——az ———A? a%] z% 4 - (14)

Now, we defined the inverse
(A, Ay, Ln)g(w) = w — A ayw? + B(2a3 — az)w3 — -

When you do some simple operations, we get

)Z(Im(ll,/lz,l,n)g(w)), ((Im(ll')lz'l'n)g(w))l+Z(1m(/11’/12'l'n)g(w))”) — 1] =1+
Im(AJ:AZ;l,n)g(w) (Im(}lllAZIlln)g(w)),

i[l —n— 1 —-nAa,w + (1 —n)(2B(2a% — a;3) — A2a®)w? + -+ 1 — 2nA a,w +
n(6B(2a3 — a3) — 4A%a2)w? + - — 1],

1
1+2](1-
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)Z(Im(ll,)lz,l,n)g(w))’ ((Im(/ll,)lz,l,n)g(w))l+z(1m(/11,/12,l,n)g(w))”> _ 1] =14+
Im(/‘{l’lz,l,n)g(w) (Im(/’ll,lz.l.n)g(w)),

i[—(l —n)Aa,w + (4(1 + 2n)Ba3 — 2(1 + 2n)Bas — (1 + 3n)A% a3)w? + -],

1+%[(1—

1 _ 2(IM Ay, A2, L) g(w))’ ((Im(ll'/lz’l’n)g(w))’+Z(1m(h’/12'l’n)g(wn”> B ] T
1+ 1) [(1 ) I(24,42,L,n) g(w) (Im()ll,/lz,l,n)g(w))’ =1
(1-m) 4(1+2m)B 2(1+21)B (1+3n)A2

wn Aa2w+[ w" aj — wn as — (;7 a%]w2+--- (15)

Coefficients equal to (12), (14)

1+

( n) Aaz = ahl (16)

2(1+2m)B a; — (1+37) Azag = ah, + ala—-1) h% (17)

w w 2!

from (13),(15) we get
1+
- a+m Aa; = aq, (18)
4(1+ 2n)B 2(1+ 2n)B (1 + 3n)A2 ala —1)
T} - gy - a} = gy + — @ (19)
Clearly, from (16),(18) we have
hy = —qu, (20)
we square and addition (16),(18) together ,we get
2( Zp?
2R 03 = a2(h + 3, @)
we addition (17),(19) we get
4(14+2n)B 2(1+3n)A? 1
12 a3 - =0 = —a(a — 1) (R} + g]) + alhy + q2), (22)
from (21) substituting(h? + ¢?) in (22)
4(1+2n)B 2(14+3n)A? 1 2(141n)%A%
wn as — wn a3 —ala—1) [#a§]=a(h2+q2).

Now

4aw(1+2n)B 2aw(1+31)A2 (a—1)(1+n)%A2
a; — as — as = a(hy + q3),

aw? aw? aw?

a = a(hy + q3),

5 laa)(4(1 + 217)B — 2(1 + 3n)A?) — (a — 1)(1 + n)?A?
aw?

_ a’?w?(hy + q;)
20w (2(1 +2n)B—(1+ 3n)A2) — (@ —1)(1+n)2A%

(23)

a3

6
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from lemma 1.1 for coefficientsh, and g,on (23) imply that

2a|w|

laz| < ,
J|2aw (21 +2mB-(1+ 3n)A2) — (@ = 1)(1 +1)2A|

Next, we exist |as|, by subtracting (19) from (17), we get

4(14+27)B  4(1+2n)B
as — a
w w

1
5 =§a(a—1)(hf—qf)+a(h2—q2) ) (24)

from (21) we substituting a2 in (24) and we put h? = q# from (20)

4(1+ 2n)B 4(1+ 2n)B lazwz(hf + ¢?
a —

3 2(1 + n)2A2

1
W © )l =zala—Dhi —h) + ahy — q2),

Qe = azwz(h% + q%) n aw(hZ - QZ) (25)
37 2(141n)2A2  4(1+2n)B

Now, applying lemma 1.1 for coefficients h,, h,, q; and g, on (25) we get

4a?|w|? alwl

< .
las| < A+7)2A T A+ 2B

Corollary:
If m=1,1, =0 .Let f given by (1) be in the class Ls(n, w, ¢, a) . Then
2a|w|

J|2aw((1 +2(E+2)E+1) - A +3NE+1D?) = (a— DA +n)2(£ + 1)

laz| <

and

| < 4a?|w)? N 2a|w|
T @4+ +1)?2 A+2DE+2)(#+ 1)

(Sabir, 2024)

3. Coefficient Bounds For the Functions in the classLz(n, w, m, B)
A function p € P given by (3) and H (z) be any complex-valued function such that
H@)=p+A-Pp(), 0 <p<1,

Then
Re {H(2)} =p+ (1 —P)Re{p(2)} > pB.

Therefore, if Re {H(z)} > B, then it can be said that there exists p € P such that
H (z) can be written in terms of p and S as follows

H(z) =+ (1 -Pp(2).
(Sabir, 2024)



Academy journal for Basic and Applied Sciences (AJBAS) Volume 6# 2 August 2024

Definition3. 1:

Let(n = 0,w € C\{0},m € Ny, and 0 < 8 < 1).We say that a function f(z) given by
(1) is in the class L5 (n, w, m, B) if the following conditions are satisfied:

Re {1 + % [(1 _ T’) Z(I (AerZrlrn)f(Z)) (I ()'1J)‘2ilin)f(z)) +Z(1 (AI!AZJlJn)f(Z)) _ 1:|} >

™ (21,22, L0)f (2) (Mg, A2, 0 f(2))
B ,z€D (26)
and
R 1 - 1 _ w(lm(llrlz'l'n)g(w)) (Im(/ll;/lz;l;n)g(w)) +W(1m()11')1’2;l;n)g(w)) _
€ { + w [( n) 1"™(A1,22,L,n) g(w) (Im(/h./lz,l,n)g(w))
1]}>ﬁ,weu)> (27)

where the function g = f~1 is defined by (2).
Theorema. 1:

Let f € Lz(n, w,m; B)be given by (1). Then

— 272
2|w|(1-p) , 0<B<1- (1+1)2A
|a |< 2(1+2n7)B—(1+3n)A2 2|w|[2(1+21)B—(1+31)AZ]
21 =
2|w|(1-B) _ (14n)2AZ2
(a+ma ’ 2|w|[2(1+217)B—(1+371)AZ2] =p<1
and
- — 272
2|w|(1-B) lw|(1-B) , 0<B<1- (a+n)°A
| |< 2(1+2n)B—(1+3n)A2 (1+271)B 2|w|[2(1+2n)B—-(1+3n)AZ]
B2 sora-p? | lwla-p (14m)2A2
(1+n)2A2 (1+2n)B 2|w|[2(14+21)B—(1+37)AZ]
Proof

From the definition we get

1 2(M A A f(2) | (MAadplm)f(2) +2(IM (A Az bn)f (@) ]
1+1|(1- ’ —1=
e [( ) I"™(A4,22,L0)f (2) (1™ (A1, 22,L,1)f (2)) et
(1- Bh() (28)
and
L w(lm(/ll,/lz,l,n)g(W)), (Im(;{l‘lz,l,n)g(w))’+w(1m(l1,lz,l,n)g(’uf))” ]
1+-[(1- ’ —HE
+ w [( r’) Im()q,/'lz,l,n)g(w) (Im(lblz,l,n)g(w)) ﬁ +
(1- B)q(@) (29)

where h,q € P.Then
B+(A=PBh()=F+A=PB)[1+hyz+h,z?+ h3z3 + -]
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=B+1—-B+1—-Bhz+ (1 —pBhyz*+ -

=1+ 1 —-Bhz+ (1 —Phyz® + - (30)
and
B+1—=p)q2) =+ 1 —=B1+q1z+qz* +q32° + -]

=B+1-F+A=Pqz+ (1~ Blgez* + -

=1+ 1 —-B)q1z+ (1= B)qz* + - (31)
Now, equal coefficients (14) with (30)for h

(1+nA

a = (1 By (32)

2
20+2mB (1 +a3)’7)A a2 = (1 - B)h, (33)

w

equal coefficients (15) with (31)for q

1 A
Sk o Sy (34)
4(1+ 2n)B 1 + 3n)A? 2(1+ 2n)B
Q2B O Ry 2B ma-pa (9)
From (32) and (34) we get
hy =—q4 (36)

We square (32) and (34) then addition we get

2(1 272
%a% =(1- ﬁ)z(h12 + ‘hz) (37)

we add (33) with (35) we get

4(1+2mB  2(1 + 3n)A2

o o a5 =1 —-pB)(hy +q1) (38)

from (37) we defined

5 0)2(1 - ﬁ)z(h12 + C112)
a; =
2(1 + n)2Az

(39)

and from (38) we get

2 w(1—=p)(hy +q2)
2= 41+ 20)B - 2(1 + 3n)A?

(40)

the equations (39) and (40) together with applying Lemma 1.1 for the coefficients
hi, q1, h,, and g,, we find that
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,  4w?(1-p)? N |<2le(1—ﬁ)
92 = T p)2az R=Ta A
and
5 4w(1 - pB) 5 4w(1 - pB)
a, = = a5 =
27 4(1 4 2n)B — 2(1 + 3n)A? 27 2(2(1 + 2B — (1 + 3n)A?)
5 20(1-p)

92T 3@ + 2B = (1 + 3n)AZ

« |<j 2001 B)
21 =

|2(1 + 2n)B — (1 + 3n)A?|

respectively.
To determine the estimates on |a3|, by subtracting (35) from (33), we get

4(1+ 2n)B 4(1 + 2n)B
a —

w 3 w a3 = (1= p)(hy — qz),
_ w(1—-pB)(h; —q3)
@ =4t T onB (41

Substituting the value of a3 from (39) into (41) we get

= w*(1 =B (h’° +q1%) w1 =B)(hy — q3)

s 2(1 + 1)2A? 4(1+ 21)B (42)
Substituting the value of a3 from (40) into (41), we get
Qe = w(1—-p)(h; +q2) w(1l—-p)(h; —q3) (43)
7 4(14 2n)B —2(1 + 3n)A? 4(1+ 2n)B ’

respectively.

Finally, applying lemma 1.1 for the coefficients h,, h, + q,, and g, on equations (42)
and (43) together, we conclude that

4wl?(1 - B)? N lwl(1 - B)

lasl <=y Y T+ 2B
and
aa| < 2lw|(1—-p) lwl(1 - B)
12(1+2n)B—(1+3n)A?| (1+2n)B
Corollary:

If m =1,2, =0 .Let f given by (1) be in the class L3 (n, w,n, a). Then

10



Academy journal for Basic and Applied Sciences (AJBAS) Volume 6# 2 August 2024

laz| <
2|w|(1-p) 0<p<1- (1+1)%(n+1)?
[(1+2n)(n+2) (n+1)—(1+37n) (n+1)2|’ - = 2|lwl|(1+2n)(n+2)(n+1)—(1+3n) (n+1)2|
_ 2 2
Zlol=p) 3 A+m)2(n+1) <p<1
(1+m)(n+1) 2lw||@+2n)(n+2)(n+1)-(1+3n)(n+1)?|
and
las| <
2|w|(1-5) 2|w|(1-5) 0<B<1- (1+n)%(n+1)?
|(1+2n)(n+2)(n+1)—(1+3n) (n+1)2] a+2n)(n+2)(n+1)’ - - 2|w]|(1+2n)(n+2)(n+1)—(1+3n) (n+1)2|
4wl>(1-p)? 2lw|(1-p) _ (1+m)?(n+1)? <p<1
(1+m)2(n+1)2 A+2n)(n+2)(n+1) ’ 2|lw||(1+2n)(n+2)(n+1)—-(1+3n)(n+1)2| —

(Sabir, 2024)

There are many other works in these references(Abufares and Amer, 2024, Alabbar et
al., 2023, Almarwm et al., 2024, Amer, 2016, Amer and Alabbar, 2017, Shmella and
Amer, 2024a, Shmella and Amer, 2024b) on analytic functions and univalent function
associated by generalized derivative operator.

Conclusion:

In this study, we used two new subclasses of an analytic function and bi-univalent function
and defined by generalized derivative operator I™(A4,A,,1,n)f(z) on the open disk, from
these new subclasses we obtained on estimates of coefficient bounds for the functions
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