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Abstract :

The primary motivation of the paper is to define a new class @' (yy,v2, @, dy,) which
consists of univalent functions and study some properties of certain subclass of analytic
functions which defined by generalized derivative operator on the open unit disc .

(Al A3l il
S Alal 0153 e 0585 G5 BT (g, g, @, ) 5205 38 et 5a Candl agd ol gl
. C}.\SAS\ EJ;)S\

Keywords: Analytic function, Hadamard product, Unit disk, Convex's order,
Convex linear combination.

1. Introduction
Let the functions f(z) in the open unit disk U = {z:|z| < 1;z € C} belong to the class
A which is taking of the form :

f@D=z+ ) az* (z€eU), (1)
kzzzk

where a,, is a complex number .

The Hadamard product of two analytic functionsfand g denoted by f * g , where
f(2) form (1)and g(z) = z+ Y5, bz*; (z € U),is defined by

f+9@ =f@)*g(2) =z+ I axbez* , (z€).
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And by using this product, Amer and Darus (Amer & Darus, 2011) they have
recently introduced a new generalized derivative operator.
Definition 1:
For f € A the operator I"™ (44, A, £,n) is defined by I™ (41,1, £,n): A — A.

IM(A1, 22 6,0)f (2) = 9™ (A1, 42, €)(2) *R"f(2) (z€U) ,
where m € Ny ={0,1,2,.....} andA, = A; =0, £=>0. and R"f(z) denotes the
Ruseheweyh derivative operator and given by

Rnf(Z) =Z+ Z;?;Z C(n, k) akzk ) (n € No,Z € U)

(n+1)g—1q

where c(n, k) = D
k-1

If £(z) given by (1), then we easily find from

m _ o (1+24 (k-1)+£)™ 1
M A £ m)f(2) = 2+ = (1+6)™ 11+, (k-1))

where n,m € N, ={0,1,2,.....}and 1, =21, =0, £ = 0.

=—c(n, k)a,z* — (2)

Some special cases of this operator includes :
e The Ruscheweyh derivative operator (Ruscheweyh, 1975) in the cases :
1*(14,0,1,n) =1'(14,0,0,n) = 11(0,0,1,n) =1°(0,1,,0,n) =1°(0,0,0,n)
= [I™*1(0,0,1,n) = I™*1(0,0,0,n) = R™
e The Salagean derivative operator(Salagean, 2006):
1™*1(1,0,0,0) = D™
e The generalized Salagean derivative operator introduced by Al-Oboudi (Al-
Oboudi, 2004) :
I™*1(24,0,0,0) = Dg.
Using simple computation one obtains the next result
E+ DI A, A, 4,0)f(2) = (14 £ = 1)A™(A, 2, 8,n) *

0}y Az DI (2) + Mz (I (A, 2y 8,m) % 92 A, Az, Of (D)), — (3)
where (z € U) and ¢1(44,1,, ) (z) analytic function given by
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1 _ S 1 N
" (Al,az,e)(z)_z+kz=2(1+/12(k_1)) 75— (4)

Now, from equation (2) and (4) ,we have
(I (A1, A2.8.m) * ' Ay, 2, ) (2))

~ o 1+ 4k—1)+o)m 1
- (Z " z 1+ 0™ 1(1+ A,k — 1))

!

c(n, k)a,z® x z
k=2

+;(1+/12(k—1)) ’ )

~ S (L + A (k—1) + o)mt
- (Z " z L+ 1(1+ 2,k — 1))

= (IM(A, 22£m)f @)

So, from equation (3), we obtain
z (Im(/ll, Ao 8,m) f(z)) =
ED 1Ay, A, 8,m)f (2)

!

c(n, k)akzk>

k=2

(1+6-21,)

Aq

U™, Az, 1) f (2). — (5)

Definition 2:

Letd, >4, =20,l>0,0 <y < 1,andf € T,suchthat I"™(4,,4,,,n)f(2)
forze U.Wesay that f € 07'(14,4,,1,n,y) ifandonly if
zV (Im(/lliﬂ'Zrll Tl)f(Z))
m — . a
0 (41, 25, L, y) {f €A Re{ L, Lf@ T
When V, denote to the Jackson's g- derivative [2] .
Now, we define the class given by 07" (44, 4,,1,n, 7).

The functions that belong to this class satisfy the following properties:
1. The function f € @7'(14,4;,1,n,y) if and only if

> Wy =¥ e < 1-7, (6)
k=2
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When
d;(1—v)
([i]q - V)q’gfk(/lpllz, ,n) ,
_k

AM[qu%%nmhzo.

for i =2,3,...,n . (7)

a; =

2. It fepg(44,4;1,n,y), such that

f(z) =z- 1y z¥
([k]q - V)'Péf‘k (A1, 22, L,n)

(8)
Then we have
1-y
a, <
“ 7 (kg = 7)¥I% (A, A, L)

(9

Definition 3:
Let 07" (11, 12,1, n,y, dy,) be the subclass of @7 (14, 1,,1,n,y) consisting of

functions of the form

N di(1-7) RN
F@=2) T~ 2 (0

Where 0 <d; <land Y}l ,d; < 1.

This subclass satisfied the following:
1. Let f(2) € 03 (41, 42, ,n,y), Then f(z) € B3 (441,45, 1,n,7,dy,) if and only if

> Wy =¥ Ou i bma < A== Y d). (1)
k=n+1 i=2

2. If f(z) € 07 (441,42, 1,n,v,dy), and satisfied equations (7) and (10), then
4 < LN -TL;d)

B ([k]q - y)qlgfk(/’llf AZ; l; n) ,

3. If f(2) € 07 (441,42, ,n,7,dy), then

k>n+1 . (12)
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(00]

[n+1],(1 —y)(1 - XL, dy) 13
[n+ 1], — VP (A, 4, Ln+ 1) (13)

B = d;(1-vy) i
f@=z- ; ([t =¥k (A1, 42, L) ’

_ (1-y) X, d; i
k:er_1 ([k]q - y)qjg?k(/ll:/lz, L, Tl) z. (14)

All the properties mentioned previously have been proven in a previous study [2].

[k]qak = (

k=n+1

Main Result:

Theorem 7

If t, is the largest value for which
n

Z [ilqdi(1—a)([i — 1], +1—7) Cin1
(lily — )" (v v2)
[klg(k—1;+1-7)1—a)(1 - X7, d)) k-1
([klg — ) (v1,72) °
<1l-71 (15)

i=2

And f(z) € 07" (y1,Y2 a, d;,) be defined by (9), and satisfied (14), then f(z) is
covexoforder 7,(0 <t <1),in (0<|z]| <ty),fork =n+1.

Proof:

To prove that , the order of convex to f(z) € @7 (v1,v2, @, dy,) is T, we have to

show that

zf"(z)
f'(2)

<1l-r7, (lz] < tp). (16)
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zf"(2)
f'(2)
p llgdi(I—a)li—1]g ) o
i=2 ([iﬂ]lq _ a,) m(]/p]/zg |Z| + Zk=n+1[k]q[k - 1]qak|Z

40— . ]
L= X, Pty 1~ B lKlaalz

Now, from (9) , (15), when (|z| <ty) ,we have

i [i],di(1 —a)([i — 1], +1—1) it
([ilg — ¥ (v, v2)

0

+ Z [klo(lk = 1], + 1 - Daglzl ' <1—1. (18)
k=n+1

Hence by (8) and (18) we have
i 1ol —a)(i -y +1-0) .,
([ilg =¥ (v, v2)
[Klg([k — 1] +1—1)(1 - X, dy)
([klq — a)‘z”;flk(h,yz)

|k—1

(17)

i=2

i=2

Iz[*"1<1-1. (19)

Theorem 2 :
The class @g'(v1,v2, a, dy) is closed under convex linear combination.
Proof:

Let f(z) be defined by (10). Define the function g(z) by

d(l—a) X
(Z)_Z_Z( ,i(her)Z + z b z*. (20)

k=n+1

Suppose that f(z) , (z) € 0g'(y1,7v2 a,dy), let

Hz)=pf(z2)+(1-B)g(z) (0=<p<1), (21)
We have to prove that H(z) € @g'(y1,v2, @, dy) , Since
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B B - dl(l - a)
H(Z) =2z ; ([l]q — (Z)‘lll(;r’li(]/l' ]/2) ‘

i

+ ) Bag+ (- bk, (22)
k=n+1
Then
(K — )3 v) "
RE A (Ba+ (L= p)b) < (1 Z ) 23)

From (8) , we conclude that H(z)e @7 (v1,V2 @, dy),

So, the class @' (y1,v2. @, dy) is closed under convex linear combination.

Corollary 1:

Let fj(z) € (Z)Zln(yl,yz,a, d,,), such that

(00]

£ Z WY i Y aydt j=12.5. (19)
(z) =27 — - m zZ — aij . J=L44..,5 .
J = ([l]q - a)qlq,i(yli ]/2) k=n+1
Then the function B(z) defined by
B@) =) efi@  (¢20), (25)

j=1
is also in the class @7 (v, vz, a,d,) , where ¥3_; ¢; = 1.

Corollary. 2

Let the function f;(z) defined by (24) be in the class  @7* (1, v2, a, d,,) for each
j=1,2,..,s, then the function C(z) defined by

_ Y di(1—a) i k
‘=z ;([i]q—a)‘l’f,’ﬁ(h,yz)z 2, bt 9

Also be in the class @' (y4,v2, @, d,), where
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S

1
bk :;2(1]“' .

i=2
The corollaries (1), (2) are generalize theorem (2).

Theorem 3
Let
- dl(l - a') .
w(z) =z — - — zt, 27
f ( ) ; ([l]q - a)lpq,i(]/L ]/2) ( )
And

z¥ (28)

)= Z -0 N (A-o0-3,d)

- ([l]q - “)Wg_li(h»yz) e ([k]q - “)ng()’lll’z)
For k > n + 1. Then the function f(z) is in the class @7'(y;,v,. %, d;,) if and only
if it can be expressed in the form

fl2) = ijfj(z) where (pj >0, j= n), and ij = 1. (29)
j=n j=n

Proof:
Let the function f(z) can be expressed in the form (30). Then we get
C di-a) Pl - a)(l Sad)

-, _ 30
=2 Z (ED RN ,Z ARSI
Since

pr(1—a)(1—XL, d;)([klq —a)¥, ok (Y1, 72)
avri} ( - ) mk()/p]/z)(l_a)
. ( Y)Y on
k=n+1
=<1—Zdi>(1—pn)s( —Zdl) (3D

Then f(2)e 07 (1,2 a, dy).
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Conversely, assuming that f(z) defined by (10), be in class @7 (v1,v2, @, dy,)
which satisfies (12) for k = n + 1, we obtain

([k]q - a)‘n”éf‘k Y1, 72)

Pk = a Sl,
a1 -zd) *
And
pr=1- 2 d;
k=n+1
Corollary. 3

The extreme point of the class  @g'(v1,v2, @, d,,) are the function £, (z) (k = n)
given by in theorem 3.

Conclusion
in this work , by generalized derivative operator we define the class given by
0g (A1, 1,,1,n,y) of analytic functions, and properties are derived .

Many other work on analytic functions related to derivative operator can be read in
(Shmella & Amer, 2024a), (Amer & Alabbar, 2017) ,(Amer, Alshbear, & Alabbar,
2017) ,(Shmella & Amer, 2024b). There are times, functions are associated with
create new classes and linear operators). Many results are considered with numerous
properties are solved and obtained.
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