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Abstract : 

The primary motivation of the paper is to define a new class ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛) which 

consists of univalent functions and study some properties of certain subclass of analytic 

functions  which defined by generalized  derivative operator on the open unit disc .   

 الملخص )باللغة العربية (: 

𝑞∅الدافع الأساسي لهذا البحث هو تعريف فئة جديدة  
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛)   والتي تتكون من دوال أحادية التكافؤ

 قرص  معينة من الدوال التحليلية التي تم تعريفها بواسطة عامل مشتق معمم على  ودراسة بعض خصائص فئة 
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1. Introduction 

Let the functions 𝑓(z) in the open unit disk 𝕌 = {𝑧: |𝑧| < 1; 𝑧 ∈ ℂ} belong  to the class 

𝒜 which is taking  of the form :  

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=2

     (𝑧 ∈ 𝕌)  ,      (1) 

 where 𝑎𝑘 is a complex number . 

 

The Hadamard product of two analytic functions𝑓and 𝑔 denoted by 𝑓 ∗ 𝑔  , where 

𝑓(𝑧) 𝑓𝑜𝑟𝑚   (1) and 𝑔(𝑧) = 𝑧 + ∑ 𝑏𝑘𝑧𝑘∞
𝑘=2 ;  (𝑧 ∈ 𝕌),is defined by   

     

             (𝑓 ∗ 𝑔)(𝑧) = 𝑓(𝑧) ∗ 𝑔(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑏𝑘𝑧𝑘     ,∞
𝑘=2      (𝑧 ∈ 𝕌). 
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And by using this  product, Amer and Darus (Amer & Darus, 2011) they have 

recently introduced a new generalized derivative operator. 

Definition 1: 

For 𝑓 ∈ 𝒜 the operator 𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛) is defined by 𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛): 𝒜 ⟶ 𝒜. 

𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧) = 𝜑𝑚(𝜆1, 𝜆2 , ℓ)(𝑧) ∗ 𝑅𝑛𝑓(𝑧)    (𝑧 ∈ 𝕌)   ,            

where m ∈ N0 = {0,1,2, … . . }  and λ2 ≥ λ1 ≥ 0, ℓ ≥ 0. and 𝑅𝑛𝑓(𝑧)  denotes the 

Ruseheweyh derivative operator and given by 

𝑅𝑛𝑓(𝑧)  = 𝑧 + ∑ 𝑐(𝑛, 𝑘)  𝑎𝑘𝑧𝑘∞
𝑘=2  , (𝑛 ∈ 𝑁0, 𝑧 ∈ 𝕌) 

where   𝑐(𝑛, 𝑘) =
(𝑛+1)𝑘−1

(1)𝑘−1
 . 

If 𝑓(𝑧) given by (1), then we easily find from  

𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧) = 𝑧 + ∑
(1+𝜆1(𝑘−1)+ℓ)𝑚−1

(1+ℓ)𝑚−1(1+𝜆2(𝑘−1))
𝑚   

∞
𝑘=2 𝑐(𝑛, 𝑘)𝑎𝑘𝑧𝑘, ⟶ (2) 

where   𝑛, 𝑚 ∈ 𝑁0 = {0,1,2, … . . } 𝑎𝑛𝑑 𝜆2 ≥ 𝜆1 ≥ 0, ℓ ≥ 0. 

 

Some special cases of this operator includes : 

• The Ruscheweyh derivative operator (Ruscheweyh, 1975) in the cases : 

𝐼1(𝜆1, 0, 𝑙, 𝑛) ≡ 𝐼1(𝜆1, 0,0, 𝑛) ≡ 𝐼1(0,0, 𝑙, 𝑛) ≡ 𝐼0(0, 𝜆2, 0, 𝑛) ≡ 𝐼0(0,0,0, 𝑛)

≡ 𝐼𝑚+1(0,0, 𝑙, 𝑛) ≡ 𝐼𝑚+1(0,0,0, 𝑛) ≡ ℝ𝑛. 

• The Salagean derivative operator(Salagean, 2006):  

𝐼𝑚+1(1,0,0,0) ≡ 𝐷𝑛. 

• The generalized Salagean derivative operator introduced by Al-Oboudi (Al-

Oboudi, 2004) : 

𝐼𝑚+1(𝜆1, 0,0,0) ≡ 𝐷𝛽
𝑛. 

Using simple computation one obtains the next result 

(ℓ + 1)𝐼𝑚+1(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧) = (1 + ℓ − 𝜆1)(𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛) ∗

𝜑1(𝜆1, 𝜆2 , ℓ)(𝑧))𝑓(𝑧) + 𝜆1𝑧 (𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛) ∗ 𝜑1(𝜆1, 𝜆2 , ℓ)𝑓(𝑧))
′

, ⟶ (3) 

where  (z ∈ 𝕌)  and 𝜑1(𝜆1, 𝜆2 , ℓ)(𝑧) analytic function given by 
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𝜑1(𝜆1, 𝜆2 , ℓ)(𝑧) = 𝑧 + ∑
1

(1 + 𝜆2(𝑘 − 1))
    

∞

𝑘=2

𝑧𝑘. ⟶ (4) 

Now, from equation (2) and (4) ,we have 

(𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛) ∗ 𝜑1(𝜆1, 𝜆2 , ℓ)𝑓(𝑧))
′

= (𝑧 + ∑
(1 + 𝜆1(𝑘 − 1) + ℓ)𝑚−1

(1 + ℓ)𝑚−1(1 + 𝜆2(𝑘 − 1))
𝑚   

∞

𝑘=2

𝑐(𝑛, 𝑘)𝑎𝑘𝑧𝑘 ∗ 𝑧

+ ∑
1

(1 + 𝜆2(𝑘 − 1))
    

∞

𝑘=2

𝑧𝑘)

′

 

= (𝑧 + ∑
(1 + 𝜆1(𝑘 − 1) + ℓ)𝑚−1

(1 + ℓ)𝑚−1(1 + 𝜆2(𝑘 − 1))
𝑚   

∞

𝑘=2

𝑐(𝑛, 𝑘)𝑎𝑘𝑧𝑘)

′

= (𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧))
′
 

So, from equation (3), we obtain  

𝑧 (𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧))
′

= 

(ℓ+1)

𝜆1
𝐼𝑚+1(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧) −

(1+ℓ−𝜆1)

𝜆1
(𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧). ⟶ (5) 

 

Definition 2: 

 

Let 𝜆2 ≥ 𝜆1 ≥ 0 , 𝑙 ≥ 0 ,0 ≤  𝛾 <  1, and 𝑓 ∈  T , such that  𝐼𝑚(𝜆1, 𝜆2, 𝑙, 𝑛)𝑓(𝑧)  

for z ∈ 𝕌 . We say that   𝑓 ∈ ∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾)  if and only if  

∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾)  = {𝑓 ∈ 𝒜 ∶ 𝑅𝑒 { 

𝑧∇q(𝐼𝑚(𝜆1, 𝜆2, 𝑙, 𝑛)𝑓(𝑧))

𝐼𝑚(𝜆1, 𝜆2, 𝑙, 𝑛)𝑓(𝑧)
} > 𝛾  , } 

When  ∇q denote to the Jackson's q- derivative [2] . 

Now, we define the class given by ∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾).  

 

The functions that belong to this class satisfy the following properties: 

1.   The function 𝑓 ∈ ∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾) if and only if  

∑([𝑘]𝑞

∞

𝑘=2

− 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2)𝑎𝑘 ≤ 1 − 𝛾.                               (6) 
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When 

𝑎𝑖 =
𝑑𝑖(1 − 𝛾)

([𝑖]𝑞 − 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2, 𝑙, 𝑛)

 ,     for  𝑖 = 2,3, … , 𝑛  .                              (7) 

And  [𝑘]𝑞 =
1−𝑞𝑘

1−𝑞
 , [0]𝑞 = 0.  

 

       2.    If   𝑓 ∈ ∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾), such that  

𝑓(𝑧) = 𝑧 −
1 − 𝛾

([𝑘]𝑞 − 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2, 𝑙, 𝑛)

𝑧𝑘      .         (8) 

 Then we have  

𝑎𝑘 ≤
1 − 𝛾

([𝑘]𝑞 − 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2, 𝑙, 𝑛)

        .                     (9) 

Definition 3: 

Let ∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾, 𝑑𝑛) be the subclass of ∅𝑞

𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾) consisting of 

functions of the form  

𝑓(𝑧) = 𝑧 − ∑
𝑑𝑖(1 − 𝛾)

([𝑖]𝑞 − 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2, 𝑙, 𝑛)

𝑛

𝑖=2

𝑧𝑖 − ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=𝑛+1

.              (10) 

Where 0 ≤ 𝑑𝑖 ≤ 1 and ∑ 𝑑𝑖 ≤ 1.𝑛
𝑖=2  

 

This subclass satisfied the following:  

1. Let 𝑓(𝑧) ∈ ∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾), Then 𝑓(𝑧) ∈ ∅𝑞

𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾, 𝑑𝑛) if and only if  

∑ ([𝑘]𝑞

∞

𝑘=𝑛+1

− 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2, 𝑙, 𝑛)𝑎𝑘 ≤ (1 − 𝛾)(1 − ∑ 𝑑𝑖)

𝑛

𝑖=2

.                (11) 

 

2. If 𝑓(𝑧) ∈ ∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾, 𝑑𝑛),  and satisfied equations (7) and (10),  then  

𝑎k ≤
(1 − 𝛾)(1 − ∑ 𝑑𝑖

𝑛
𝑖=2 )

([𝑘]𝑞 − 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2, 𝑙, 𝑛)

, 𝑘 ≥ 𝑛 + 1    .             (12) 

3. If 𝑓(𝑧) ∈ ∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾, 𝑑𝑛), then 
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∑ [𝑘]𝑞𝑎k

∞

k=n+1

≤
[𝑛 + 1]𝑞(1 − 𝛾)(1 − ∑ 𝑑𝑖

𝑛
𝑖=2 )

([𝑛 + 1]𝑞 − 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2, 𝑙, 𝑛 + 1)

.                (13)         

𝑓(𝑧) = 𝑧 − ∑
𝑑𝑖(1 − 𝛾)

([𝑖]𝑞 − 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2, 𝑙, 𝑛)

𝑛

𝑖=2

𝑧𝑖

− ∑
(1 − 𝛾) ∑ 𝑑𝑖

𝑛
𝑖=2

([𝑘]𝑞 − 𝛾)𝛹𝑞,𝑘
𝑚 (𝜆1, 𝜆2, 𝑙, 𝑛)

𝑧𝑖

∞

𝑘=𝑛+1

.   (14)   

All the properties mentioned previously have been proven in a previous study [2]. 

 

Main Result: 

 

Theorem 1 

If 𝑡0 is the largest value for which  

∑
[𝑖]𝑞𝑑𝑖(1 − 𝛼)([𝑖 − 1]𝑞 + 1 − 𝜏)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

𝑡0
𝑖−1

𝑛

𝑖=2

+
[𝑘]𝑞([𝑘 − 1]𝑞 + 1 − 𝜏)(1 − 𝛼)(1 − ∑ 𝑑𝑖

𝑛
𝑖=2 )

([𝑘]𝑞 − 𝛼)𝛹𝑞,𝑘
𝑚 (𝛾1, 𝛾2)

𝑡0
𝑘−1

≤ 1 − 𝜏           (15) 

 

And  𝑓(𝑧) ∈ ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛) be defined by (9), and satisfied (14), then 𝑓(𝑧) is 

covex of order  𝜏, (0 ≤ 𝜏 < 1) , 𝑖𝑛  (0 < |𝑧| < 𝑡0 ), for 𝑘 ≥ 𝑛 + 1. 

 

Proof: 

To prove that , the order of convex to 𝑓(𝑧) ∈ ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛) is 𝜏, we have to 

show that  

|
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| ≤ 1 − 𝜏 , (|𝑧| < 𝑡0).                  (16)  

 

i.e 
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|
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
|

≤

∑
[𝑖]𝑞𝑑𝑖(1 − 𝛼)[𝑖 − 1]𝑞

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

|𝑧|𝑖−1 + ∑ [𝑘]𝑞[𝑘 − 1]𝑞𝑎𝑘|𝑧|𝑘−1∞
𝑘=𝑛+1

𝑛
𝑖=2

1 − ∑
[𝑖]𝑞𝑑𝑖(1 − 𝛼)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

|𝑧|𝑖−1 − ∑ [𝑘]𝑞𝑎𝑘|𝑧|𝑘−1∞
𝑘=𝑛+1

𝑛
𝑖=2

 .        (17) 

Now, from (9) , (15), when (|𝑧| < 𝑡0)  , we have 

∑
[𝑖]𝑞𝑑𝑖(1 − 𝛼)([𝑖 − 1]𝑞 + 1 − 𝜏)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

|𝑧|𝑖−1

𝑛

𝑖=2

+ ∑ [𝑘]𝑞([𝑘 − 1]𝑞 + 1 − 𝜏)𝑎𝑘|𝑧|𝑘−1

∞

𝑘=𝑛+1

≤ 1 − τ.     (18) 

Hence by (8) and  (18) we have  

∑
[𝑖]𝑞𝑑𝑖(1 − 𝛼)([𝑖 − 1]𝑞 + 1 − 𝜏)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

|𝑧|𝑖−1

𝑛

𝑖=2

+
[𝑘]𝑞([𝑘 − 1]𝑞 + 1 − 𝜏)(1 − ∑ 𝑑𝑖

𝑛
𝑖=2 )

([𝑘]𝑞 − 𝛼)𝛹𝑞,𝑘
𝑚 (𝛾1, 𝛾2)

|𝑧|𝑘−1 ≤ 1 − τ.     (19) 

 

Theorem 2 : 

 

The class  ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛) is closed under convex linear combination. 

 

Proof: 

 

Let 𝑓(𝑧) be defined by (10). Define the function  𝑔(𝑧) by  

𝑔(𝑧) = 𝑧 − ∑
𝑑𝑖(1 − 𝛼)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

𝑧𝑖 + ∑ 𝑏𝑘𝑧𝑘

∞

𝑘=𝑛+1

.                 (20)

𝑛

𝑖=2

 

Suppose that  𝑓(𝑧) , (𝑧)  ∈ ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛),  let 

𝐻(𝑧) = 𝛽𝑓(𝑧) + (1 − 𝛽)𝑔(𝑧)         (0 ≤ 𝛽 ≤ 1),                (21) 

We have to prove that 𝐻(𝑧)  ∈ ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛)  , Since  
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𝐻(𝑧) = 𝑧 − ∑
𝑑𝑖(1 − 𝛼)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

𝑧𝑖

𝑛

𝑖=2

+ ∑ (𝛽𝑎𝑘 + (1 − 𝛽)𝑏𝑘)𝑧𝑘

∞

𝑘=𝑛+1

,                 (22) 

Then 

∑
([𝑘]𝑞 − 𝛼)𝛹𝑞,𝑘

𝑚 (𝛾1, 𝛾2)

(1 − 𝛼)

∞

𝑘=𝑛+1

(𝛽𝑎𝑘 + (1 − 𝛽)𝑏𝑘) ≤ (1 − ∑ 𝑑𝑖

𝑛

𝑖=2

),                 (23) 

From (8) , we conclude that   𝐻(𝑧)𝜖   ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛), 

So,  the class   ∅𝑞
𝑚(𝛾1, 𝛾2. 𝛼, 𝑑𝑛) is closed under convex linear combination. 

 

Corollary  1: 

 

Let  𝑓𝑗(𝑧) ∈  ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛), such that  

𝑓𝑗(𝑧) = 𝑧 − ∑
𝑑𝑖(1 − 𝛼)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

𝑧𝑖 − ∑ 𝑎𝑘𝑗𝑧𝑘

∞

𝑘=𝑛+1

.     𝑗 = 1,2, … , 𝑠  .    (19)  

 

𝑛

𝑖=2

 

Then the function  𝐵(𝑧) defined by  

𝐵(𝑧) = ∑ 𝑒𝑗𝑓𝑗(𝑧)       (𝑒𝑗 ≥ 0),                          (25)

𝑠

𝑗=1

 

is also in the class   ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛) , where ∑ 𝑒𝑗 = 1.𝑠

𝑗=1  

 

Corollary. 2 

 

Let the function 𝑓𝑗(𝑧) defined by (24) be in the class     ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛) for each 

𝑗 = 1,2, … , 𝑠, then the function 𝐶(𝑧) defined by  

  

𝐶(𝑧) = 𝑧 − ∑
𝑑𝑖(1 − 𝛼)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

𝑧𝑖 − ∑ 𝑏𝑘𝑧𝑘

∞

𝑘=𝑛+1

.                 (26)

𝑛

𝑖=2

 

Also be in the class    ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛),  where 
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𝑏𝑘 =
1

𝑠
∑ 𝑎𝑘𝑖  .

𝑠

𝑖=2

 

The corollaries (1), (2) are  generalize theorem (2). 

 

Theorem 3  

Let     

𝑓𝑛(𝑧) = 𝑧 − ∑
𝑑𝑖(1 − 𝛼)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

𝑧𝑖  ,                  (27)

𝑛

𝑖=2

 

And  

𝑓𝑘(𝑧) = 𝑧 − ∑
𝑑𝑖(1 − 𝛼)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

𝑧𝑖 − ∑
(1 − 𝛼)(1 − ∑ 𝑑𝑖

𝑛
𝑖=2 )

([𝑘]𝑞 − 𝛼)𝛹𝑞,𝑘
𝑚 (𝛾1, 𝛾2)

∞

𝑘=𝑛+1

𝑧𝑘  (28)

𝑛

𝑖=2

 

For 𝑘 > 𝑛 + 1. Then the function 𝑓(𝑧) is in the class   ∅𝑞
𝑚(𝛾1, 𝛾2. ∝, 𝑑𝑛) if and only 

if it can be expressed in the form  

𝑓(𝑧) = ∑ 𝑝𝑗𝑓𝑗(𝑧)      𝑤ℎ𝑒𝑟𝑒   (𝑝𝑗 ≥ 0 ,   𝑗 ≥ 𝑛),   𝑎𝑛𝑑   ∑ 𝑝𝑗 = 1.

∞

𝑗=𝑛

           (29)

∞

𝑗=𝑛

 

Proof: 

Let the function 𝑓(𝑧) can be expressed in the form (30). Then we get    

𝑓(𝑧) = 𝑧 − ∑
𝑑𝑖(1 − 𝛼)

([𝑖]𝑞 − 𝛼)𝛹𝑞,𝑖
𝑚 (𝛾1, 𝛾2)

𝑧𝑖 − ∑
𝑝𝑘(1 − 𝛼)(1 − ∑ 𝑑𝑖

𝑛
𝑖=2 )

([𝑘]𝑞 − 𝛼)𝛹𝑞,𝑘
𝑚 (𝛾1, 𝛾2)

∞

𝑘=𝑛+1

𝑧𝑘  (30)

𝑛

𝑖=2

 

Since 

∑
𝑝𝑘(1 − 𝛼)(1 − ∑ 𝑑𝑖

𝑛
𝑖=2 )([𝑘]𝑞 − 𝛼)𝛹𝑞,𝑘

𝑚 (𝛾1, 𝛾2)

([𝑘]𝑞 − 𝛼)𝛹𝑞,𝑘
𝑚 (𝛾1, 𝛾2)(1 − 𝛼)

∞

𝑘=𝑛+1

 

= (1 − ∑ 𝑑𝑖

𝑛

𝑖=2

) ∑ 𝑝𝑘

∞

𝑘=𝑛+1

 

= (1 − ∑ 𝑑𝑖

𝑛

𝑖=2

) (1 − 𝑝𝑛) ≤ (1 − ∑ 𝑑𝑖

𝑛

𝑖=2

)                (31) 

 

Then 𝑓(𝑧)𝜖   ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛). 
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Conversely, assuming that 𝑓(𝑧) defined by (10), be in class    ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛)  

which satisfies (12) for 𝑘 ≥ 𝑛 + 1,  we obtain  

𝑝𝑘 =
([𝑘]𝑞 − 𝛼)𝛹𝑞,𝑘

𝑚 (𝛾1, 𝛾2)

(1 − 𝛼)(1 − ∑ 𝑑𝑖
𝑛
𝑖=2 )

 𝑎𝑘 ≤ 1 , 

And  

𝑝𝑘 = 1 − ∑ 𝑑𝑖

∞

𝑘=𝑛+1

 

 

Corollary. 3 

 

The extreme point of the class    ∅𝑞
𝑚(𝛾1, 𝛾2, 𝛼, 𝑑𝑛) are the function 𝑓𝑘(𝑧) (𝑘 ≥ 𝑛) 

given by in theorem 3 . 

 

Conclusion  

in this work  , by generalized  derivative operator we define the class given by 

∅𝑞
𝑚(𝜆1, 𝜆2, 𝑙, 𝑛, 𝛾)  of analytic functions, and properties are derived . 

 

Many other work on analytic functions related to derivative operator can be read in 

(Shmella & Amer, 2024a), (Amer & Alabbar, 2017) ,(Amer, Alshbear, & Alabbar, 

2017) ,(Shmella & Amer, 2024b). There are times, functions are associated with 

create new classes and linear operators). Many results are considered with numerous 

properties are solved and obtained. 
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