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Abstract

Several new exact solutions of the (3 + 1)-dimensional Jimbo-Miwa equation and its two
extended forms have been successfully obtained by using the Riccati mapping equation
method. Although some of the dispersion relations are the same as in [17] our solutions
consedered new .
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1 Introduction
Various powerful methods have been used to refine various types of solutions for nonlinear
partial differential equations models that are used to explain a broad variety of physical

phenomena. . Some of these methods are tan(F (%))-expansion method [1], the sine-cosine

function method [2], the variational iteration method [3,4], Riccati mapping equation method
[5 — 7], the exp-function method [8,9], the generalized and the improved generalized tanh-
coth method [10,11], the new modified simple equation method [12], the simplified Hirota’s
direct method [13,14], tanh method, sine-Gordon expansion method, and the extended sinh-
Gordon equation expansion method [15,16]. Wazwaz [17] has obtained multiple soliton
solutions of distinct physical structures for (3 + 1)-dimensional Jimbo-Miwa and its two
extended equations by using simplified Hirota’s method. Many other solutions have been found
by several researchers [18 — 20].

In this article, we use Riccati mapping equation method to extract many new solutions of
both the (3 + 1)-dimensional Jimbo-Miwa equation and its two extended forms as well. The
dispersion relations are found to be distinct for each equation.

2 Description of the Riccati equation mapping method
Consider a given nonlinear partial differential equation with the independent variable
X = (t,x1,%5,...,%,) and the dependent variable u(X) in the following form;

W (u, ut,uxi,uxl.xi,uxl.xj,...) =0, (1)

where W is a general polynomial function of its arguments. In order to solve Eq.(1) by using
the proposed method, the following main steps are given;
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Step 1: Substituting
u=ul{), {(=kx+ry+sz—ct, (2)

into (1) yields an ordinary differential equation in ¢ of the form

E(u,u'(9),u"($),u"(9),...) = 0, 3)

where E is a general polynomial.

Step 2: Assuming that (3) has the formal solution

u(9) = ao + X121 (a: 9°(0) + b 67 () V(0 + $2(0))), (4)

with ¢ satisfies the Riccati equation;

¢'({) =0+ %), (%)
where g, ay, a;, and b; are constants to be determined later, while m is a positive integer,
which is called the balance number.

Step 3: Determining the positive integer m by balancing the highest order derivatives and the
nonlinear terms in Eq. (3).

Step 4: Substituting (4) along with Eq. (5) into (3) and collecting all the coefficients of

gb”(,/a + (j)z(Z))m, n=0,+1,+2,4£3,.... ; m = 0,%1 then setting each coefficient
to zero,

a set of algebraic equations is obtained for a,, a;, b;, and c.

Step 5: Solving the system of algebraic equations in Step4 using Matlab or Mathematica
software to find the values of a,, a;, b;, and c.

Step 6: As Eq.(5) possesses the solutions;
—+v—0o tanh(v—-0{) ,0<0,

—/=0 coth(t/=0Q) ,0<0,

() = Vo tan(\o ) ,o>0, (6)
Vo cot(\o {) ,0 >0,
—% ,0=0,

substituting ay, a;, b;, and (6) into (4) to obtain the exact solutions of Eq. (1).

3. Applications

In this section, new exact solutions of the nonlinear (3 + 1)-dimensional Jimpo-Miwa
equation and its two extracted forms have been developed by using the described Riccati
equation mapping method. Without loss of generality we will assume through out this paper
that the integration constants are set to be zeros.
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3.1 The exact solutions of (3 + 1)-dimensional Jimpo-Miwa equation:

Uyxxy T 3 Uylyy + 3 Uxlyy + 2 Uy — 3 Uy, = 0. (7)
Using the wave transformations u = u({), {(=kx+ry+sz—ct,where k, r, s and ¢
are constants in equation (7) and integrating we get

kK3ru" +3k*r(w)?—Q2rc+3ks)u’ =0. (8)

!

Balancing u'"’ with (u')? we get m = 1. From (4) we have

u({) =ag+a; () + by o+ $2(J). 9

Substituting (9) and (5) into equation (8) and collecting all the coefficients of
m
gb”(,/ o+ p%({ )) and setting them equal to zero we obtain

Casel: ay, =0, a=—-k, by=—k, and c = —(@). The exact solution in this
case is
kv—o tanh(v—0 {) — ko sech(t\—c() ,0<0,
| k=0 coth(=0 0) +k Vo csch(-/—0() ,0<0,
u(@) = | —k\/o tan(\o {) — ko sec(o ) ,o >0, (10)
\—k\/E cot(Va {) — k Vo csc(¥a Q) o> 0,
0 ,0 =0,
Remark: For ¢ = —1 the dispersion relation is completely agree with [17]
4k3ro+3ks

Case2: a, =0, a;=-2k, by =0, c=—( ) and the exact solution is

2r

2 kv—o tanh(v=0() ,0<0,
2 kv/—o coth(v/—=c() ,0<0,

u(Q) =| —2kVo tan(va () ,o >0, (11)
—2 ko cot(/o Q) ,0 >0,
2k o=0
{ ) - Y
Remark: For 0 = —i the dispersion relation is completely agree with [17]
3
Case3: a,=0, a=—-k, by=k, c= —(@) and the exact solution is

kW=7 tanh(v=5 0) + k V& sech(V=50) 0 <0,
kv—o coth(vN—0 () — ko csch(J—c() ,0<0,

u(Q) = | —kvVo tan(Vo {) + ko sec(\o {) ,0 >0, (12)
—k\o cot(o ) + ko csc(Wo ) ,o0>0,
2k ,o0 =0,
¢



Al academia journal for Basic and Applied Sciences (AJBAS) volume 3/No. 2 —September 2021

3.2 The exact solutions of the first extended (3 + 1)-dimensional Jimbo-Miwa
equation:

Ugxxy T 3 UylUpy + 3 Uyllyy + 2 Uy — 3 (Uy, + Uy, +Uy,) = 0. (13)
Substituting the wave transformation u =u({), { =kx+ry+sz—ct into (13) and
integrating we get

K3ru"” +3k*r(w)?>—Bks+3sr+3s?+2rc)u’ =0. (14)

!

Balancing u'"’ with (u")? we get m = 1. From (4) we have

u(§) = ag + ay $(§) + by o + (9. (15)

Substituting (5) and (15) into equation (14) and collecting all the coefficients of
m
gb”(,/ o+ p%({ )) and setting them equal to zero we obtain

k3ro+3 ks+3s?43rs
27T

kv—o tanh(v/—0 {) + ko sech(~\—6 () ,0 <0,
kv—o coth(vN—0 () — ko csch(v—c() ,0<0,

Case 1: ay =0, a;=—-k, by =k, and c = —( ). The exact solution

in this case is

u(Q) = | —kvVo tan(Vo {) + ko sec(\a ) ,a >0, (16)
| —k+o cot(/a Q) + ko csc(\a Q) ,0 >0,
% ,0=0,
Remark: For 0 = —1 the dispersion relation is completely agree with [17]

k3roc+3ks+3s243rs
2r

Case2: ay =0, ai=—-k, by=—-k, c=—( ) and the exact solution

1S

kv—o tanh(v/—0 {) — ko sech(’—c() ,0<0,
kv/—o coth(v=0 () + ko csch(:~—c() ,0<0,

u(@) = | —kvo tan(Vo Q) — k Vo sec(\o {) ,o >0, (17)
—k\o cot(\o Q) —k~o csc(\o Q) ,0 >0,
0 ,0=0,

4k3roc+3ks+3s243rs
2r

Case3: a, =0, a; =—-2k, by =0, c=—(
1S

) and the exact solution

2kv/—o tanh(v/—0 () ,0 <0,
2k+/—0 coth(v/=0Q) ,0<0,

w(Q) = | —2kVo tan(va {) ,o >0, (18)
—2k+o cot(/o O) ,a >0,
zk oc=0
{ ) - )
Remark: For g = —i the dispersion relation is completely agree with [17]

4
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3.3 The exact solutions of the second extended (3 + 1)-dimensional Jimbo-Miwa
equation:

Upxxy T 3 Uy + 3 Upllyy + 2 (Uyr + Uy + Uz) — 3 Uy, =0, (19)
Substituting the wave transformation u =u({), { =kx+ry+sz—ct into (19) and
integrating we get

K3ru" +3k*r(w)?>—Qkc+2sc+2rc+3ks)u’ =0. (20)
Balancing u'"’ with (u')? we get m = 1. From (4) we have
u(¢) = ap + a; $(§) + by /(0 + $*(9)). 21)

Substituting (5) and (21) into (20) and collecting all the coefficients of ¢"(\/0 + ¢$2(¢ ))m
and setting them equal to zero we obtain

Case 1: a5 =0, a;=—-k, by =k, and c=—(

k3 3 k . . .
WRAALLL) s). The exact solution in this

2 (k+1r+s)
case is
kv—o tanh(v/—0 {) + ko sech(~\—a () ,0 <0,
kv—o coth(v—0 () — ko csch(xv—c() ,0<0,
u(Q) = | —kvVo tan(Vo {) + ko sec(\a ) ,a >0, (22)
| —k+o cot(/a Q) + ko csc(\a Q) ,0 >0,
% ,0 =0,
Remark: For 0 = —1 the dispersion relation is completely agree with [17]
k3ro+3ks

Case2: ap, =0, a;=—-k, by =—-k, c=—( (i) ) and the exact solution is

kv—o tanh(v/—0 {) — ko sech(’—c() ,0<0,
kv/—o coth(v=0 ) + ko csch(:z—d() ,0 <0,

u(@) = | —kvo tan(Vo () — k Vo sec(No ) ,o >0, (23)
—k\o cot(\o Q) —k~o csc(\o Q) ,0 >0,
0 ,0=0,

4k3roc+3ks
2 (k+r+s)

Case3: a, =0, a;=-2k, by =0, c=—( ) and the exact solution is

2kv/—0 tanh(vV—=0c{) ,0 <0,
2k+/—0 coth(v/=0Q) ,0<0,

w(Q) = | —2kVo tan(va Q) ,a >0, (24)
—2k+o cot(/o O) ,a >0,
% =0
¢ o=
Remark: For 0 = —i the dispersion relation is completely agree with [17]

4 Conclusion

In this work, the Riccati mapping equation method has been applied to solve the(3 + 1)-
dimensional Jimbo-Miwa equation as well as its two extended forms. We obtained various
types of solutions as trigonometric and rational functions. It is verified that these solutions are
satisfying their corresponding equations. The obtained results have been compared with
Wazwaz [17] and the observation was that our results are new with different solution
structures.
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