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Abstract:
The objective of this paper is to obtain an upper bound of second Hankel determinant
for a class of functions a7 & (g) fefined in the open unit disc U by using the differential

operator p k f (z )5 also, we give particular values to the parameters A , B and k to
study special cases of the results of this article. The class p & (),and the differential
operator p § f; (z );were defined by S. F. Ramadan and M. Darus [8].
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1.Introduction:

In1976,NoonanandThomas[4] definedtheq ™ Hankeldeterminantoff(z)forq ,n € N
as
n+q-1

a n +
H, (n)= : !

A,ig-1 @ rvzg-2

That is, for the complex sequence , a , ,a a .. the Hankel matrix is the

Y n+1 T n 4200

infinite matrix whose (i , j )th entry @ ;; is defined by

a.=a (i,j,n€EN).

ij n+i+j-27

Thisdeterminantwas discussed by several authors particularly for the cases whenq = 2
,n=1a,=1landq =2,n =2, that is

Hy(1)=|a,-af and  H,@=|a,a,-a]

where H 5 (1) is known as the Fekete-Szeqo problem and H , (2) refer to the second

Hankel determinant. For example, (Janteng, Abdul Halim, and Darus [1]), (Gagandeep
Singh, Gurcharanjit Singh[2]) and (Panigrahi, G. Murugusundaramoorthy [9]), and
many others have obtained sharp upper bounds of H , (2) for different classes of

analytic functions.

In the present paper, and by making use of the differential operator p f (Z,)a we
will obtain the upper bound of the second Hankel determinant for the class p & (9); s

that well be defined below .
Let A be the class of analytic functions of the form

f)=z+ ) d 2", (1)
n =2
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defined in the open unit disk U ={z € C: |z | <1}.
S. F. Ramadan and M. Darus [8] defined the following differential operator For a
function f € A as follows:

D'éfﬁ(z,)5=z+2[(/1—5)(ﬁ—a)(n—1)+1]"anz", (2)
n=2
Where a ,8 ,1,6 =0, A>68, B>a andk €{0,1,2,..}.

Also in the same paper, they defined the class p £ (¢) asfollows

Definition 1.[8] Let ¢ (z) be a univalent starlike function with respect to 1 which maps
the unit disk U onto a region in the right half plane which is symmetric with respect to
the real axis, ¢ (0) =1 and ¢ ‘(0)>0.

Afunctionf € Aisinthe class p & () if s

z (fo,jéﬂzg))
D [ 29 <0 (z). )

If J is the class of functions G(z) defined as

G(2)=(1-(A-8)(-a))f (z)*(A-8)(f -a)z [ ()
=z +Zz[(/1 ~8)(B -a)(n -1)+1] a, z",

Fora ,f ,1,6 20, A>6, B>a andk €{0,1,2,..}.

Then G(z) can be considered as the analytic function in U.

Also, let S be defined as the class of functions G (z) € ] , which is univalent in U.

Using Schwarzian functions o0 which are analytic in U and satisfting
w (Z) = Z d,z",

n=1
the conditions w(0)=0 and |w (z )| <1.let fand g be two analytic functions in U. Then,
fis a subordinate to g (f <g) if f(z)=g(w(z)) is satisfied.
Now, ifwesetd)(z):%Z 1+(A -B)z -B(A —B)ZZ+B2(A —B)23+ o
(- 1< B <A <1)in(3) we can write that
z (Dfifﬁﬁza)) - 1+ Az ’
Dk 5 ,ﬂZ,a) 1+ Bz
And we can write the class M & () assM & (AB)s
let M & (p,B) be asubclass of the functions G (z) €] and satisfy the condition
zG (z) 1+Az
G (z) = 1+Bz
WhereM § (A B)subclasoftarlikdunctionand & (AB)= S~ (ABRnM § (k1) S
The class g * is the class of starlike functions and studied by Goel and Mehrok [7].

2. Preliminary Results

(4)

, (-1<sB<4 <1). (5)
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Let P denote the class of functions p analytic in U, for which Re{p(z)} > 0,

[oe]

34 ..= 1+anz" , z€eU. (6)

n=1

p(z)=1+p,z+p,z°+pyz

In order to investigate our mean result, we need the following lemmas:
Lemma2.1.[5] Ifp €P | then |pk| <2, (k=1,2,3,.).
Lemma2.2.[3],[6]fp €P ,then
2P2:p%+(4—pf)x ,
4py=pi+2p (4-pD)x -p (4-pD)x?+2(4-p) (1-|x[)z,

For some x and z satisfying [x | s 1, |z]|sland p,€]0,2].
3. Main Results
Theorem 3.1: If (z) eEMK A1 B) , then

(4 -BY
4[2(2 -8) (B -a)+ 1]’

— a2l <
a,a, a3|—

(7)

Proof. If ¢ (z) EMEK 6ALB) then there exists a Schwarz function w(z) such that

ZGG_(Z(Z)): w (2)), (z €V). ®)
Where
(p(Z):llj_-;ZZ =1+(A-B)z-B (A-B)z2+B2(A-B)z%+..
=1+E,z +E,z?+E 2%+ .. 9)
Furthermore, the function p , (z) can be defined as follows:
p1(2)2%21+b12+b222+b323+... (10)

Now, we can write R(P 1 (z))>0and p, (0)=1.

After that, we define the function h(z) by

h(z):ZGG—(Z(Z)):1+clz +C,z%4caz3+ . (11)

From the equations (8), (10) and (11) we have

_ [p(z)-1)\_ b,z+b,z°+b,z°+..
h(z) (p(Pl(Z)*'l) (2+blz +b,z%+b z%+ ..

3
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2 3
:(pl%blz +%(b2—%)zz+%(b3—blb2—%)z3+...]

2 2 3 1¥%2 4
Thus,
E.,b E 2\ E_ b3
.= 2 a C2:_i(b2_%34' 1 a
and
E, b3\ E,b, b2 Esbi
03:7(b3‘b1b2+f)+7 b2—71 t—g— (12)
Now, by employing (9) and (11) in (12) we get
[(A-8) (8 -a)+1]" ay=c,
Then,
c, E.b, (A-B)b,

2T -8) (B -a)+ 1] 2[(A-6)(B -a)+1] 2[(A-8)(F -a)+ 1]

After that,
2[2(2-8) (B ~a)+1] az=c,+ci
Then,

TR 0B )]

+c%]

= L Ei( _Ei)+E2b%+Eibi
2[2(A-8)(B -a)+1][2\ * 2 4 4
— 1 bZEl_Elbi+E2bi+Eib§
2[2(1-8) (B -a)+1]"| 2 4 4 4
1

(A-B)b, (A-B)bi B(A-B)bi, (A-B)bi
4 7]

:2[2(,1—5)(/3 —a)+1] | 2
A -

T8[2(1-8)(f -a)+1] 2b,-b%-B bi+(4 -B)b3
A-B

= ] e ) ,
SR 0)(p a)eaf 2o ]

_ A -B

8[2(1-8)(B -a)+1]*
And

4[3(A-8)(B -a)+1] a,=cz+c,[(A -8) (B -a)+1]" a,
4

2b,+(4 -2B -1)b3]. (14)
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e, [2(2-68)(B -a)+1] as+[3(A -8)(B -a)+1] a.
3[B(A-8) (B ~a)+1] ay=catc,[(A-8) (B ~a)+1] a, +
c,[2(2-8) (B -a)+1]" a;

=cgtcpoyte [2(A-8) (8 -a)+1] ay

:c3+3C;C2+%§
_ €3 + €,€, Cl
Y 3B@A-8)(B-a)+1]* 2[3(2-8)(B -a)+1] 6[3(/1 §)(B -a)+1]*
= ! [ZC +3c.c +cs]
6[3(A-8)(B -a)+1]" 173 1r2 ot
so that,
b3 b2\ E,b} 3E,b,[E b2\ E., b3 E3b
E -2t Eafy _bi), 2o
| 6[3(,1 5) (B —a)+1][ by b, 4)+ 2bl(b2 2)+ i T2 2(b2 2)+ I

(A -B)[8b,+(64 ~14B -8)b, b, +(A*+6 B>~ 5%?—3A+7B+2)b]

48[3(2 -6) (B -a)+1]" (13)

From (13), (14) and (15) we find that
(A-B)
192
x[ R(b, b, b;,A,B,2,5,8, a)
(A -8) (B ~a)+1] [2(2 -6) (B -a)+1]* [3(2 -8) (8 -a)+1]
Where
R(by b, by, A,B,2,8,B,a)=16[2(2-8)(B -a)+1]* b by-12[(2 -6) (B - )

a2a4—a3—

(16)

If limm2.1and lemma 2.2 are applied to (16) we have
(A-BY|T(4,B,2,86,8,a,b,,x,z)|

192[(2 -0) (6 ) + 1 [2(1 -5) (B ~«) +1[* B(2 -6) (8 ~a) +1]

2
|a2a4—a3

Such that
T(A,B,2,6,B,a,b,,x,2)724%[2(A -6) (B -a)+1]* -342[(A -8) (B -a)-

By assuming that b, =b and b € [0, 2], with triangular inequality and |z | <1 the
following

(A-B)'F (v)
192[(2 -6) (B -a)+ 1" R (2 -6) (B ~a)+1]* [B(1 -8) (8 -a)+1]"

|a2a4—a3
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is also obtainable where y = |x | <1 and

Fr)=(aP[2[2(2 -8) (8 -a)+1]* -3[(2 -8) (B -a)+1]"

[3(2-06)(8 -a)+1]|+12|B]*|[2(2 -6) (8 -a)+1]*"
—[(/1—6)(ﬁ—a)+1]k [3(/1—5)(,8—a)+1]"|+2|AB||6[(/1—6)(ﬁ—a)+1]"
[B(2-6)(B-a)+1]*-5[(2-6)(B -a)+1[*|[1b*+8[2(2A -8) (B ~a)+1]* b (4-b7)+
[3(/1—6)(ﬁ—a)+1]"|+2|B||7[2(/1—6)(ﬁ—a)+1]2"—6[(/1—6)([5’—a)+1]"[3(/1—6)
AsF (y)is an increasing function, Max F (y)=F (1) is also satisfactorily
applicable.

A -B)?
Therefore, |a2 a,- a§| S (A-B)

“192[(A-0) (6 -@) +1]* [2(2 -6) (B ) *

Whereg (b)=F (1).

So

g (b):(|A|2|2[2(/1 -8)(B -a)+1]* -3[(A-6)(B -a)+1]*[3(2 -6)(B —a)+1]k|+12
[24|A||[(/1 -8B -a)+ 1 -[(A -8) (B -a)+1] [3(2 -58) (B —a)+l]"|+8|B||7[2(/1

Now
g (b):4[|A|2|2[2(/1 -8)(B -a)+1* -3[(2 -8) (B -a)+1]“[3(A -6) (B —a)+1]k|+
2[24|A||[(,1 -8)(B -a)+ 1 -[(A -8) (B -a)+1] [3 (2 -68) (B —a)+1]"|+8|B||7[2(/’1

Sing' (b) <@b € [0, 2]thenaximunvalueg (b ) ab=0ndicateshat Max g (b)=g (0)

;I'hus, (7) can be achieved from (17), that is
(A-B) x48[[(A -6) (B - 11 [3(2 -6) (B - 1]

T R0 -0) (5 )P B0 e M) e B -e) (el
Whereby for b,=0, b,=2 and b ;=0 the resulting value is sharp.

Based on Theorem 3.1, we shall obtain several corollaries given as follows:
Corollary 3.1. If f (z) e 57, then

2| < 1
|a2a4_a3

|_[2(1 ~0)(B -a)+1]"

This is obtained for A =1 and B = -1.

By applying k =0 in Theorem3.1, the finding obtained is in line with Singh and Singh
[2] stated below:

Corollary 3.2. If f (z) es” (A ,B)  then

A -BY)
a,e,-afsUE)

For A=1,B =-1 and k =0, Theorem 3.1 gives the following result due to
Janteng, Halim and Darus [1].
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Corollary 3.3.1f f (z) €S™, then |a2a4— a?

<1.
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