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Abstract

In this paper, we aim to solve the Sine-Gordon equation by employing a modified
version of the Tamimi-Ansari method. This particular method relies on the utilization of Taylor
series and Chebyshev approximation polynomials. Additionally, we will examine the
convergence of these cases by employing various theories, including the Banach fixed point
theorem. To conduct the necessary calculations for this research, we will utilize Mathematica

13.2 software.
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1. Introduction

The Sine-Gordon equation is a nonlinear partial differential equation that originated in
the nineteenth century during the study of differential geometry problems. Its significance grew
in the 1970s when it was discovered that the equation had implications for solution solutions [1].
The equation also appears in various other physical applications and relativistic field theory. It

can be expressed as follows:
U — Uyy +sin(u) =0 (1)

with the initial conditions:

u(x,0) = f(x),ur(x,0) = g(x) )

where u = u(x, t). Due to the difficulty of obtaining exact solutions for this equation, numerous
numerical and analytical methods have been employed to obtain approximate solutions. For

instance, Herbst et al. [2] utilized an explicit symplectic method to obtain numerical results for
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the Sine-Gordon equation. Other methods utilized include the Adomian Decomposition method
[3, 4], B-Spline collection method [5], homotopy analysis method [6], variational iteration

method [7, 8, 9, 10], Daftardar-Gejji and Jafari Method [11], among others.

In this study, we will introduce a modification of the Tamimi-Ansari method to approximate the
solution of the Sine-Gordon equation with given initial conditions. Specifically, we will employ
the Taylor series [10] and Chebyshev approximation [12] polynomials in two separate cases to
approximate the nonlinear function sin(u) in the correction functional. Additionally, we will

discuss the convergence between these cases employing the fixed point theorem.
2. Basics of the TAM method
In this section, we will explain the idea of TAM method [13]

Suppose that we have the general differential equation

L(u(x, t)) + N(u(x, t)) +f(x,t)=0 3)

With the initial (boundary) conditions
Ju
B(1%) =0 4)

Where u(x, t) is unknown function, N is nonlinear operator, L is linear operator and f is known

function.

The first step of TAM method is assuming that u,(x, t) is a solution of the eq. (3) of the initial

condition

L(uo(x, t)) + f(x,t) = 0, with B (uo,%) =0

The second iteration can be found by solving the following equation

L(ul(x, t)) + N(uo(x, t)) + f(x,t) = 0, with B (ul,%) =0

After several iterations we can find the general solution of this method which is

L(tne1 (6, 8)) + N(up(x, 1)) + f(x,£) = 0, with B (un+1' 6131;1) 0

Where u,, is the solution to equation (3) .
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Thus, the solution for the equation (3) with (4) is given by
u(x, t) = lim u,(x,t) (5)
n—->oo
3. The iterative methods of Sine- Gordon equation

In this section, we will present a solution to the Sine-Gordon equation using a
modified version of the TAM (Taylor's series and Chebyshev polynomial approximation)

method.
3.1 Modified TAM method using Taylor’s series

Here, we will apply the third-order Taylor series approximation (TTAM) for

sin(u) in the Sine-Gordon equation and incorporate it into the TTAM method.

First, we express a correction functional for the Sine-Gordon equation (1) by approximating

sin(u) as follows:

- ~u—tud 4+
sin(u) = u SUT (6)

Thus, equation (1) can be rewritten as:

1 1
U (6, ) — Py (x, £) + au — Eau3 + Foaus =0.

u(x,0) = f(x).
u(x,0) = g(x).

. By comparing equation (1) with equation (3), we can express the linear and nonlinear operators

as follows:

L(u (x, t)) = u,(x, t),

1 1
N(u(x,t)) = —c®uey (x, t) + au — gau3 + maus,f(x, t)=0

Thus, the initial problem that needs to be solved is:
Ugee(x,8) =0

uo(x, 0) = f(x)
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uo(x,0) = g(x)

By integrating the last equation twice from 0 to t with the given initial conditions, we obtain:
t ot
Jo I toee(x, )dtdt = 0.
This leads to the expression:

up(x, t) = f(x) + g(x)t

The general solution for the iterative function is given by:

t ot t ot 1 1
f J U1y (x, t)dtdt = j j (czunxx(x, t) + au, — —au,> + —aunS) dtdt
0 Jo 0 Jo 6 120

Therefore, we have:

u; (x, t) = f(x) — %atzf(x) + %atz(f(x))3 —Latz(f(x))5 + tg(x) —%at3g(x) +

240
Zat3(f(0)) () — = at3(f(0) 'g(0) + = at*f () (9(®)” — - at*(F)) (9(x))” +
0 (9@) ~ 35 At F) (90 ~ 5 @t f @ ()" ~ g at’ (9C)° +

%CZthH(x) + %CzthH(X).

We continue the same procedure for the remaining iterations.
3.2 Modified TAM method using Chebyshev polynomial approximation

In the CTAM (Chebyshev's Polynomial) for the Sine-Gordon equation, we will
utilize the third Chebyshev's polynomial approximation forsin(u). By replacing sin(u)in the

CTAM with the third Chebyshev's polynomial, we obtain:
sin(u) = a + bu + cu® + du®

Here, the coefficients are defined as follows:

1
a=
36028797018963968

__35992149818206681
T 36028797018963968
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1
Cc =
9007199254740992

__ 1427685159570131
T 9007199254740992

Hence, equation (1) can be expressed as:
U (6, 1) — Puyy (x, t) + a + abu + acu? + adu® = 0.
u(x,0) = f(x).
u:(x,0) = g(x).

Proceeding with the same methodology employed in previous cases, we can derive the

subsequent iterations.

4. The convergence analysis of the TAM method:
In this section, we present the condition for convergence of the TAM method [14,15].

Theorem 4.1:

Assume that the series solution };;2, f;(x, t) converges to the solution u(x, t). If the finite series
™ o fi(x, t) is used as an approximation to the solution of the current equation, then the

maximum error E,, (x, t) can be estimated by

En(x,t) < m™ I foll

1-m
Corollary 4.2:

The solutions obtained by the Tam method converge to the exact solution under the condition
d0<m<1suchthat Flfo+ fi+ -+ fixdl SmFfo+fi+ -+ fi] Ci.ellfisall <
m||f;|DVi = 0,1,2, ---. i.e. Vi if we define the parameters

il
go=1{Trn V=0
0 Ifill=0
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Thus, the series solution )72, f; (x, t) converges to the solution u(x,t), when 0 < 8; < 1Vi =

0,1,2,---. Also, as in theorem 4.1 the maximum truncation error is estimated to be
1 )

lulx,t) =X filx, DIl < E,B"“Hfoll where B = max{B;,i = 0,1,2,---,n}.

5. Numerical examples

In this section, we explore various examples to demonstrate the effectiveness of the TTAM and
CTAM methods in solving the given problems. We apply the TTAM and CTAM techniques to
solve these examples, and all computations and numerical analyses are conducted using the

Mathematica software.

By employing the TTAM and CTAM methods, we aim to showcase the capabilities of
these approaches in providing accurate and efficient solutions to the presented examples. The
utilization of Mathematica software ensures reliable and precise calculations, enabling us to

obtain reliable numerical results.
Example 5.1
Given the nonlinear Sine-Gordon equation as follows

U — Uyy +Sin(u) =0 (7)
With the initial conditions

u(x,0) = 0,u:(x,0) = 4sech(x) (8)
And the exact solution given by

u(x,t) = 4tan" [t sech(x)]

By solving eq. (7) with the initial conditions (8) using the same steps used in the TTAM method,
we get
uy(x,t) = 4t sech(x)

3 5 3
uy (x,t) = (§t3tanh2 (x) — % + 4t)sech (x) + (8%5 — 2%)sech3 (x) — % t’sech®(x)



Academy journal for Basic and Applied Sciences (AJBAS) Volume 6# 1 April 2024

4¢3 3 8t?  64t’ 5 32t13
u,(x, t) = 4tsech (x) + (315 S)sech’(X) + (= oz — 102 +2 )sech (x) + (8775
64t1! 188t 7 5056t | 2672t 9 8192¢19
693 567 67 )Sech’(x) + (172125 496125 36855 891 )SeCh () + (= 12119625

1798417 9728t15
— )sechll(x) + -
1686825 297675 3159

Hence, we can see this series converges to the exact solution when n — o

ie u(x,t) = lim u, (x,t) = 4tan™![t sech(x)].
n—-o0o

We also solve eq. (3.1) with the initial conditions (3.2) by using CTAM method, we obtain

ugy(x, t) = 4tSech (x)

u (x, t) = —— " 4 sech (x)(—ﬁ +3t 3tanh?(x) + 4t) — —ct“‘sechz(x) + (——dt5
%)sech3(x)

u,(x,t) = $a3dt8 = L a%cté + 2—14'ab1:4 - ath + (—mazdtanhz(x)t9 + mazbdt9
aact7 — 6—abct7 - iazdt7 + E + lact5 - b—ts + % + %tanh2 ()t — % + 4t) sech(x)
+ (g adtanh*(x)t1° — — abdtanh?(x)t'+— ab?dt'® + —- a?cdt® — —ac?t® +
~adtanh? (x)t°- — —b2ct® + bct8 - —abdts- 186 - ctanhz(x)t6 + %bct6 + gadt6 - 8:—;6

4
_%)Sechz (x) F oo
This series converges to the exact solution when
u(x,t) = lim u,(x,t) = 4 tan™1(t sech(x)).
n-oo

Fig. (1) Shows the comparison between the exact solution and 1-iteration of TTAM and CTAM
methods when —10 < x < 10,t = 0.3
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Fig. (1). (a) exact solution and TTAM method, (b) exact solution and CTAM method

Consider the following nonlinear Sine-Gordon equation

Upe — Uy = — sin(uw)

With the initial conditions

u(x,0) = m+€ cos(ux),u:(x,0) =0

By following the same steps used in Ex.1, we can find :

First, (TTAM)

uy(x, t) = m+€ cos(ux)

uy(x,t) = m+€ cos(ux) + %(—EMZCOS (ux) —

ecos (ux) — m)t?

Tl't2 1 2 1 2 2 1
u,(x,t) = m+€ cos(ux) — — —5t € cos(xp) — Stoen cos(xp) — Z(

1
120

(ecos (px) + m)° + % (ecos (ux) + m)3 —

m)°> -I-%(E cos(xp) + m)3 — ep? cos(xp) — € cos(xp) — n) tt + -

Second (CTAM) we get

uy(x, t) = m+€ cos(ux)

)

(10)

1
- (e cos(xp) +

10
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uy (x,t) =+ € cos(xp) + %tz(—a — b(ecos (xp) + m) — c(ecos (xp) + m)?

— d(ecos (xp) + )3 — ep?cos (xp))

2
Uy (x,t) = m+ e cos(xp) — % - %tzeuz cos(xp) — ibtz(lzn + 12€ cos(xp) +
t2(—a — ep? cos(xp) — b(e cos(xp) + m) — c(e cos(xp) + m)% — d(e cos(xp) + m)%)) + -
Now we will use the previous iterations to see that the obtained solution by the

TTAM and CTAM methods satisfies the convergence conditions by evaluating the £5; values

for examples (1) and (2), we get

In the first method (TTAM) we get

11l
= =0.202976 < 1
Po =Tl
B, = 122l _ 5131398 < 1
111l

B, =5l _ 266858 < 1
Ifl

Also, in the second method (CTAM) we have

11l
= =0.381268 < 1
Fo =gl
By = I22ll _ 0.238958 < 1
Al

So, we can see the ex.1 satisfy the convergence, because the 5; values fori > 1

and 0 < x < 1arelessthan 1 whent = 1.

To examine the accuracy the approximate solution, we calculate the absolute error between the
exact solution u(x, t) = 4 tan™ [t sech(x)] and approximate solution u, (x, t). Table (1), figure
(2) shows the absolute error of TTAM, CTAM methods and 3D plot of the |r| when t =
03,-10 <x < 10withn=1, 2.
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10

|r| by TTAM
9.70198 x 10716
3.91405 x 10713
1.57896 x 10710
6.35082 x 1078
2.17113 x 107°
5.75612 x 10~*
2.17113 x 1075
6.35082 x 1078
1.57896 x 10710
3.91405 x 10713

9.70198 x 10716

|ri| by CTAM
1.66245 x 107°
1.22836 x 1078
9.0616 x 1078
6.09805 x 1077
2.08469 x 1075
3.04414 x 1073
2.08469 x 1075
6.09805 x 1077
9.0616 x 1078
1.22836 x 1078

1.66245 x 107°

|r,| by TTAM
1.6629 x 10717
6.70969 x 1071°
2.70648 x 10712
1.08218 x 107°
2.52389 x 1077
1.17881 x 107°
2.52389 x 1077
1.08218 x 107°
2.70648 x 10712

6.70969 x 1071°

1.6629 x 10717

|r,| by CTAM
1.66246 x 107°
1.22832 x 1078
9.04559 x 1078
5.45247 x 1077
4.28956 x 1075
2.33028 x 1073
4.28956 x 1075
5.45247 x 1077
9.04559 x 1078
1.22832 x 1078

1.66246 x 107°

Table (1) results the absolute error by TTAM, CTAM methods when t = 0.3

|ri| by TTAM

10

|r,| by TTAM
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|| by CTAM |r,| by CTAM
Fig. (2). the absolute error by TTAM, CTAM methods when t = 0.3

2
In the second example, where €= 0.5, 4 = \/2—_, we can see

In TTAM we obtain

Bo = WAL _ 5 0380656 < 1
lIfoll
B, = W22l _ 03763332 < 1
72l
Also, in CTAM we get
Bo = WAL _ o 389665 < 1
llfoll
B, = W22l _ 133819 < 1
72l

Where, the 5; values fori > 1 and 0 < x < 1 are less than 1 when t = 0.5, so the proposed

cases are convergent.

Fig. [3]. Shows the comparison between the 1-iterate of two cases when

€=0.5,0.01

11
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Fig. (3). the 1-iterate of TTAM, CTAM method when €= 0.5,0.01

2. Conclusion

In conclusion, this study presents an investigation into finding an approximate solution
to the Sine-Gordon equation through a modification of the Tamimi-Ansari method. By replacing
the nonlinear function with a combination of Taylor series and Chebyshev polynomials, this
approach offers a significant advantage by eliminating the need for restrictive assumptions when

dealing with nonlinear functions.

The obtained numerical results provide strong evidence for the effectiveness of the modified
Tamimi-Ansari method. It can be concluded that this method serves as a powerful tool with

excellent convergence properties for approximating solutions to the Sine-Gordon equation.

12
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The utilization of Mathematica 13.2 software played a crucial role in performing the calculations
and generating the series required by the proposed method. Its robust computational capabilities

ensured accuracy and efficiency in the analysis.

The findings of this study contribute to the field of solving nonlinear equations and provide a
valuable alternative for obtaining approximate solutions to the Sine-Gordon equation. Further
research can explore the application of this method to other nonlinear equations and investigate

its limitations and potential extensions.
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